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Abstract—The carrier frequency offset (CFO) effect of a new
multiaccess orthogonal frequency division multiplexing (OFDM)
transceiver is analyzed. We show that multiaccess interference
(MAI) due to CFO can be mitigated by choosing a proper set of
orthogonal codes. That is, if we use M /2 symmetric or antisym-
metric codewords of the M Hadamard-Walsh codewords, MAI
can be greatly reduced to a negligible amount. The new OFDM
system has been shown to be approximately MAI-free when there
is no CFO. The new result developed here shows that the system
continues to be approximately MAI-free even in the presence
of CFO. Furthermore, we derive a close form for the reduced
MALI, which reveals an interesting property of the system. That
is, when the number of users increases, the reduced MAI and the
inter carrier interference (ICI) due to self-CFO will decrease.
Finally, it is demonstrated by simulation that the proposed OFDM
scheme with proper code selection outperforms the OFDMA and
the multicarrier code division multiplexing access (MC-CDMA)
systems in a CFO environment.

Index Terms—Carrier frequency offset (CFO), code selection,
frequency synchronization, MAI-free, MC-CDMA, multiuser de-
tection (MUD), multiuser OFDM, OFDMA.

1. INTRODUCTION

ULTICARRIER modulation (MCM) systems have been

widely used in both wireline and wireless communica-
tions recently [6], [8], [9], e.g., the digital subscribe line (DSL),
wireless local area networks (WLANSs), and digital video
broadcasting (DVB). In wireless environments, MCM systems
are usually called orthogonal frequency division multiplexing
(OFDM) systems [9]. Due to the mismatch of the oscillators
in the transceiver and the Doppler effect, OFDM systems are
sensitive to the carrier frequency offset (CFO) effect [18],
[20]. The CFO effect will destroy orthogonality of the OFDM
systems. Since the loss of orthogonality will lead to significant
performance degradation [20], research on accurate CFO esti-
mation and compensation has received a lot of attention in the
design of practical OFDM systems [4], [18], [22].
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The single-user OFDM system has been thoroughly exam-
ined in the past, e.g., [6], [8], and [9]. For multiuser OFDM
communications, there are two popular techniques; namely,
multicarrier code division multiplexing access (MC-CDMA)
and orthogonal frequency division multiple access (OFDMA).
When compared with CDMA systems, MC-CDMA systems
inherit the advantages of multicarrier systems in combating the
inter symbol interference (ISI) caused by frequency selective
fading channels. Moreover, MC-CDMA systems can fully
exploit the frequency diversity. MC-CDMA systems can be
divided into two types [14]. In the first type, one bit is trans-
mitted per time slot. The coming bit is spread into several chips,
which are allocated to different subchannels. The number of
subchannels equals the number of chips [7], [26]. In the second
type, several bits are converted from serial-to-parallel and then
each bit is spread into several chips. The chips corresponding
to the same bit are allocated to the same subchannel [17]. This
one is often called the MC-DS CDMA system. Two more
generalized MC-CDMA system was proposed in [1], [13], and
[14]. In the first scheme [13], [14], each S/P converted bit is
spread into several chips and then each subcarrier is modulated
with one chip, where the frequency separation corresponding
to each bit is maximized to achieve frequency diversity. In the
second scheme [1], similarly, each S/P converted bit is spread
into several chips. Then, the chips corresponding to the same
symbol are modulated in successive subcarriers. Although
MC-CDMA systems spread symbols using orthogonal codes
to ensure orthogonality, when used in uplink transmission,
i.e., from the mobile station (MS) to the base station (BS),
orthogonality may be destroyed at the receiver due to frequency
selective fading, thus leading to multiaccess interference
(MAI). The MAI problem cannot be solved by increasing the
transmit power since increasing the transmit power for one user
will also increase the interference for other users. To suppress
MALI, sophisticated multiuser detection (MUD) [25] and signal
processing techniques have been proposed at the receiver end
[10], [12], [14]. Furthermore, due to MAI, the CFO estimation
and compensation are much more complicated in MC-CDMA
systems [11].

The OFDMA systems [21] are MAI-free when there is no
CFO. However, OFDMA systems are sensitive to the CFO
effect. Moreover, different CFOs of different users make CFO
estimation much more difficult than that in the single user
OFDM system due to the following reason. When any user
has a nonzero CFO, the CFO not only causes the performance
degradation of this particular user (i.e., the self-CFO effect) but
also leads to MAI for other users. Therefore, OFDMA systems
are no longer MAI-free in a CFO environment. CFO estimation
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Fig. 1.

algorithms for OFDMA systems were proposed in [2], [5],
[19]. However, all those methods demand extra computational
complexity in the receiver end. Moreover, CFO compensation
needs to be done in the transmitter part so that a feedback
mechanism is demanded in this situation [5], [19].

An approximately MAI-free multiaccess OFDM transceiver
was proposed in [23]. In this system, every user can utilize
the whole bandwidth and time slots simultaneously. When the
number of subchannels is sufficiently large in an environment
without CFO, the proposed system has the approximately
MAI-free property. Unlike the conventional MC-CDMA
systems, there is no need to suppress MAI in the receiver,
and the system performance improves as the transmit power
increases. Moreover, this new system is robust to timing mis-
match among users so that it can be conveniently used in uplink
transmission [23].

In this work, we first evaluate the CFO effect of the new
multiuser OFDM system and derive analytical results for MAI
caused by CFO as well as self-CFO impairments. Based on
the analytical results, we present a code selection scheme to
mitigate MAI by choosing proper orthogonal codes. That is,
if we use only the M /2 symmetric or the M /2 antisymmetric
codewords of the M Hadamard—Walsh codes, MAI can be
greatly reduced to a negligible amount. Using this code selec-
tion, we can reduce MAI caused by CFO without additional
complexity such as MUD or complicated signal processing
techniques. Once MALI is greatly reduced, the self-CFO im-
pairment can be easily estimated and then compensated using
methods developed for the single user OFDM system, e.g., [4],
[18], and [22]. Since MALI is reduced to a negligible amount,
we can compensate the CFO effect at the receiver end without
the feedback. Furthermore, we derive a close form for the
reduced MAI with code selection, which reveals an interesting
property of the proposed system. That is, when the number of
users increases, both the averaged reduced MAI due to others’
CFOs and the averaged inter carrier interference (ICI) due to
self-CFO will decrease. Finally, it is demonstrated by computer
simulation that the proposed system with proper code selec-
tion has less MAI and a smaller bit error probability than the
OFDMA and the MC-CDMA systems in a CFO environment.
The superiority of the proposed system in MAI reduction not
only facilitates the CFO estimation task but also improves the
system performance.

The rest of this paper is organized as follows. The multiuser
OFDM system and its main properties are given in Section II.
The MALI effect caused by other users’ CFOs, and the self-CFO
impairment are analyzed in Section III. Moreover, we derive an
close form for the reduced MAI and the self-CFO impairment.

Block diagram of the proposed system.

Simulation results are given in Section IV to corroborate the an-
alytical results. Furthermore, performance comparison between
the proposed system, the OFDMA, and the MC-CDMA systems
is given. Finally, a conclusion is drawn in Section V.

II. SYSTEM MODEL AND ITS PROPERTIES

In this section, we give a brief review of the new OFDM
system and its properties [23]. The block diagram of the pro-
posed system in the uplink direction is shown in Fig. 1, where T’
is the number of users. Let the input of the sth user (1 < ¢ < T)
be an N x 1 vector x;, which contains N modulation symbols.
As shown in Fig. 1, the transmitter consists of four stages. At
the first stage, each symbol in vector x; is repeated M times to
form a new vector y; of size NM x 1 as

yilm+ kM) =2;k], 0<k<N-land0<m < M- 1.

ey
At the second stage, y; is passed through an NM x NM di-
agonal matrix W, with its diagonal elements drawn from an
M x M unitary matrix D (DTD = MT), where the notation
DT denotes conjugate-transpose of D. Let the column vectors
of D be d;,ds,...,dy. Then, W; is obtained by repeating
d; N times along the diagonal, i.e.,

W, = diag (di d:... di)
where d! is the transpose of d;. Let w;[l] be the Ith diagonal

element of W;,0 < | < NM — 1. As DTD = MI, these
diagonal elements satisfy the following property:

5~ ) M, i=j
Zwi[m—f—k]\/[]wj[m—}—k]\/[]: 0, itj )
—50 ) J

where w* is the conjugate of w, 0 < m < M — 1,and 0 <
k < N—1.For M =2",n > 1, one sequence that satisfies the
condition in (2) is the Hadamard—Walsh code [25]. After passing
through the diagonal matrix, the [th component of the NM x 1
orthogonally coded output vector z; is given by

zill] = will]lyill], 0<I< NM -1 ©)

At the third stage, each coded vector is passed through the
N M -point unitary inverse discrete Fourier transform (IDFT)
matrix. Finally, at the fourth stage, each transformed vector is
converted from the parallel to the serial representation and the
cyclic prefix (CP) of length v is added, where v is the maximum
channel delay spread.

At the receiver side, the receiver removes the CP and passes
each block of size NM through the unitary discrete Fourier
transform (DFT) matrix. For the detection of the symbols trans-
mitted by the ith user, the DFT output vector is multiplied by
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W and then averaged. Let y; be the output of W and Xx; be
the averaged output. Then, the kth element of X; is given by
M-1

Bl =22 3 dilm+ EM]
m=0
M-1

:%Zé[m + kMwi[m + kM], 0<E<N—-1. (4)
m=0
In the final stage, X; is passed through frequency equalization
(FEQ) and ready for detection.

The new multiuser OFDM system has the approximately
MAI-free property, which is described as follows [23]. Let \; [{]
be the [th element of the N M -point DFT of channel path ¢, and
let e be the DFT of the received noise vector of size NM x 1.
The Ith element of z is given by [6], [8]

0<I<NM-1. 5)

= Z Xillz[l] + ell],

From (3) and (5), the /th element of y; can be expressed as

T
= > Mgl + elwjl. ©

Letl = m 4+ kM. From (4) and (6), the kth element of x; is
given by
(k]
| M1
:MZ Aj[m+kM]y;[m+kMw;[m~+kM]w} [m+kM]

m=0

Sia

+

m

Z Jrmt kM]y; [m+k Mw;[m+kMw? [m+kM]

jm=

Il
—
‘1~L

=12

>

-1
Z e[m + kM]w[m + kM)] (7

E |

where the second term in (7) is the MAI from other users. When
N is sufficiently large, we can approximate A;[m + kM] by

Aifm+kM] ~ AN R, 0<m < M-1,0< k< N—1 (8)

where )\EN) [k] is the kth component of the N-point DFT of the
ith channel path. The approximation in (8) is also used in [6],
[8]. Using (1) and (8), we can rewrite (7) as

M—1

) 1 .
#5k] =AY [kl k] >~ wilm + kM]wtm + kM]
" M-1
Z AN K]z [k Zwl [+ kM [m+kM]
z 1,i#7
M-1
+ 37 WZ:O elm + kM]w;[m + kM]
1 M-—1
=\ kb4~ 3 elm+ kMuwifm-+ kM) [by )]
m=0
)]
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Observed from (9), the MAI is approximately zero. Hence,
if there is no channel noise, we can approximately re-

(A [k]?
An alternative for reconstruction is multiplying Z;[k

(/M) 3123 Ailm + kM])
will lead to more accurate approximation and, hence, better
performance. The one-tap gain multiplication is what usually
called frequency equalization. Since the proposed system is
approximately MAI-free, its capacity increases as SNR in-
creases. This result is very different from that of conventional
MC-CDMA systems, in which increasing the transmit power
of one user will also increase the MAI for other users.

Although the proposed system uses orthogonal codes such
as the Hadamard—Walsh code to distinguish individual uses. It
is worthwhile to point out several differences between the pro-
posed system and other systems.

construct x;[k] by multiplying &;[k] by

. Note that the alternative one

A. MAI-Free

The proposed system can achieve approximately MAI-free
when N is much larger than the multipath length v. That is,
for a fixed v, as N increases, the system will have less MAI
Hence, by increasing N, the system can accommodate more
users with negligible MAI. This MAI-free property is similar
to that of the OFDMA system, which is MAI-free when time
and frequency are well synchronized. Moreover, in an OFDMA
system, the block duration is in general much longer than the
multipath length. Such systems are usually used in wireless
local area network (WLAN) applications [16]. On the other
hand, CDMA or MC-CDMA systems are usually used in the
cellular phone system, where co-channel interference is the
major concern. Due to MAI, the number of users accommo-
dated by MC-CDMA systems is much less than the spreading
factor M [1], [13], [14]. To increase the number of active users,
M should be increased accordingly. This is different from
the proposed system where N is increased to achieve both
MAI-free and higher loading.

B. Frequency Equalization

Referring to Fig. 1, the proposed system performs “frequency
equalization” [8] instead of “combing” before symbol detec-
tion. This stands in contrast with MC-CDMA systems, where
“combing” is usually used before detection [1], [13], [14].
There are several different combing methods such as MRC,
EGC and ORC in MC-CDMA systems [14]. The combing tech-
niques multiply every spread chips by a weighted gain and then
sum up every M chips before detection. Hence, there are N M
gain multiplications for the MC-CDMA systems [1], [13], [14].
Moreover, due to MAI, multiuser detection may be involved
and thus the detection of individual symbols is not independent
[14]. One the other hand, from (4), the proposed system per-
forms summation before the gain multiplication, i.e., frequency
equalization. Thus, we only need N gain multiplications in the
proposed system. Furthermore, since the proposed system is
approximately MAI-free, there is no need to use MUD. Thus,
the detection for individual symbols is independent.
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C. Hadamard—Walsh Code in the Uplink Transmission

In the uplink transmission, it is difficult to guarantee that
every user transmits his/her signal simultaneously. This will lead
to timing mismatch among users. If the Hadamard—Walsh code
is used in the uplink transmission in conventional CDMA sys-
tems, a small timing mismatch among users will result in great
MALI even if the channel is perfect. For instance, consider the
case with processing gain M = 4. If the fourth user has a
delay of one chip duration while the other three users are per-
fectly synchronized, the receiver cannot distinguish the fourth
user from the third one because d4[m — 1] = dz[m]. There-
fore, Hadamard—Walsh code is seldom used in the uplink trans-
mission unless the timing mismatch problem can be well re-
solved by some other mechanism. In conventional CDMA or
MC-CDMA systems, quasiorthogonal codes that have less cross
correlation such as the Gold code or the Kasami code are usu-
ally used to mitigate the timing mismatch problem. In contrast,
since the proposed system is robust to timing mismatch [23],
we can adopt the low complexity Hadamard—Walsh code in the
uplink transmission.

III. ANALYSIS OF CFO EFFECTS

In the proposed system, the overall CFO effect consists of two
parts. One is the MAI caused by CFOs of other users. The other
is the symbol distortion and the inter carrier interference (ICI)
due to the user’s own CFO. They will be analyzed separately in
this section.

Consider the [th element of the received vector after DFT in
a CFO environment, i.e.,

T
A= mlll+ell, 0<I<SNM-—1

i=1

(10)

where 7;[l] is the attenuated symbol of z;[l]. The attenuation is
caused by channel fading and the CFO effect. Suppose the 2th
user has a normalized CFO ¢;, which is the actual CFO normal-
ized by 1/N M of the overall bandwidth and —0.5 < ¢; < 0.5,
one can show that 7;[/] in (10) can be expressed by [18]

rill] = cidll]z[l]
——
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The first term of (11) is the distorted symbol, and the second
term is the ICI caused by the CFO. Note that when there is no
CFO, r;[l] equals A;[l]z;[{], as defined in (5). From (4) and (10),
we see that Z;[k] under CFO is given by

M-1

> 1w+ EMw} v + kM]

. 1
k] = i
v=0

s5k]
T M-1
+ Yy i > rilo + kMJwi[o + kM]
i:l,i;:éj¥ v=0

v

MAT, ;K]
| M=l
+ 17 > elv+ kMwlo + kM) (13)
v=0
where MAI;._;[k] is the interference due to user . In the fol-
lowing, MAI;_;[k] and s;[k] are considered separately.

A. Analysis of Other User’s CFO Effect

Let us consider the MAI of the kth symbol of user j due to
user 4, i.e., MAL;—;[k] in (13). From (11) and (13), we have

MAL;_i[k] = Aj—i[k] + Bj—i[k] (14)
where

M—-1

1
Aji[k] = i Z rl(o)[v + EMwi[v + kM] (15)
v=0
and

M—1
1 *
Bj—ilkl = +; S P+ kMJwifo + kM) (16)
v=0
Using (1), (3), and the approximation in (8), we have
M-1
(67 *
Aj k] ~ M)\EN) [Klzilk] Y wilv + kM]w}[v + kM]

v=0
(by (2))-
Therefore, the interference term A, [k] is approximately zero.

Hence, only the term B;.;[k] is of concern. The term B, ;[k]
can be rearranged as (18), shown at the bottom of the page.

=0. )

T(O) . .
y Letting m = u + fM, (18) can be manipulated as (19), shown
N \ e im((m=1)/NM) A the bottom of the next page. Using (1) and the approximation
+Bi Z i[m]zi[m] N M sin Zm=i+e:) an (8), we have (20), shown at the bottom of the next page. We
m=0m -— N argue that the term of f = k is the dominating MAI in (20).
P Since u # v + (k — f)M, we have
where a; and (; are glv?n by min |sin m(u—v+ SVM fIM + &)
= ST e (NM—1)/NM) vk
" NM sin AT ) sin ”(;Vl;f ) € >0
and 3; = sin (Wei)ej”"((NM_l)/NM). (12) sin W(]ﬁ;i), 6 <0
M-1  NM-1 . /
B /HL 6—377((m—v—k1\1)/N1\/I) .
Bicilkl= 35> > Ailmlyilm] N1 i Fery il o] (18)

v=0 m=0m#v+kM

NM
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When f = k, there are M — 1 pairs of (u,v) to make the sine
function in (20) equal sin7(1 + ¢;)/NM and M — 1 pairs of
(u,v) to make the sine function equal sin 7(—1 + ¢;)/N M. On
the other hand, when f = k + 1 or f = k — 1, both situations
have only one pair of (u, v) that makes the sine function equal
sin7(1l 4+ ¢;)/NM and one pair of (u,v) that makes the sine
function equal sin7(—1 + ¢;)/ N M. Hence, the MAI term of
f = k contributes the most to (20). If we can find ways to reduce
the term of f = k, the MAI can be greatly reduced. Intuitively
speaking, the MAI in the kth symbol of the target user is most
seriously affected by the kth symbols of other users. The farther
the distance of other users’ symbols from the kth symbol, the
less impact they will make. Later, we will give an example (i.e.,
Example 3 in Section IV) to illustrate this point.

Since the MAI term of f = k in (20) is the dominating MAI,
we will rearrange this term to a form that helps us gain insights
on how to reduce it. Let us extract the MAI term of f = k in

(20) and let it be denoted by B]( (_)L [k], we have
Bjilk] = B{2,[k] + B{,[K] 1)
where
0 Bi (N
B2k = ToA Kl
Mz—l Mz—l e—im((u=v)/NM)
. w;[u]wiv]  (22)
m(u—v+te; J
v=0 u=0,u#v NM sin %
and
B[k = Bjilk] - B, [k]. (23)

Referring to (22), let

4343

constant for all possible p with —-M + 1 <p< M —1,p #0.
Hence, we can approximate g(p) as an odd function of p, i.e.,

g(p) = —g(—p). Using the equality shown at the bottom of the
page, and the approximation g(p) ~ —g(—p), we can rewrite
(22) as

0 17 Piy@) .

M-1 M—1—p

—wilglwilp+ql}. (24

v

PIELIPIRCIAL

~~

o
As given in (24), the quantity O is determined by the property of
orthogonal codewords. If O = 0, the dominating MAI term of
f = k in (20) is approximately zero. One way to achieve this is
the use of only M /2 of the M Hadamard-Walsh codes, which
are either symmetric or antisymmetric.

Proposition: Suppose only the M /2 symmetric or the M /2
antisymmetric codewords of the M Hadamard—Walsh codes are
used, O = 0, and thus, B [k] ~ 0.

Proof: The M Hadamard Walsh code can be divided into
two groups of M /2 codewords [15]. One is the set of symmetric
(even) codes satisfying

will] = wi[M —1—1], %_1

0<I< (25)

and the other is the set of antisymmetric (odd) codes given by
(26)

M
wlll = —wpr—1-1, osi<M

When symmetric codewords are used, from (25) and since
Hadamard—Walsh code is real, we have

M—-1-—p
9(p) = eNM N M sin(n(p + )/ N M), > wilp + alujlal
—(M-1)<p<M-1,p#0. =0
M—1-p
When N is sufficiently large, the denominator of g(p) is ap- Z wilM —1—(p+ @)Jw;[M —1—-¢q]. @27)
proximately an odd function of p, and the numerator is nearly q=0
M-1N-— M—1 : ) )
e—jﬂ'((u—v—(k—f)]\[)/N]\I) .
Bjilk] = Z Z Z Ailu+ fM]yifu+ fM] - o m(u—v—(k—f)M+ei) wi[u]wj [v]. (19)
v=0 f=0 u=0,uztv+(k—f)M NM sin NM
N-1 M-1 i 1 /NM
B N) e—Jn((u—v—(k—f)M)/NM) .
Bjil ~ 5 > A flilf] Z 3 wilulw? [v]. (20)
F=0

v=0 u=0,uzv+(k—f)M

. w(u—v—(k—f)M+e;)
N M sin NI

DS gu—vwzu]w[]zi{g@) S wilp + qhuslg] + o
v=0 u=0,uzv p=1

q=0

Y wi[q]w;f[pw]}

q=0
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Letq¢ = M — 1 — p — q. We can rewrite (27) as

M—-1-p 0
> wip+qguwild= > wilglwilp+q]
q=0 q¢'=M-1—p
M—-1-p
= Y wildwjlp+d. 28
q=0

Thus, O in (24) is zero. As for the set of antisymmetric code-
words, from (26), we again have the same equality as given in
(27). This leads to (28). Therefore, the use of antisymmetric
codewords also results in O = 0. [ ]

Let us give a simple example for codeword selection [24].
Suppose M = 8 and Dg is an 8 x 8§ Hadamard matrix with
column vectors di,ds,...,ds. We can either choose column
vectors {dj,dy,ds,d7}, which are symmetric, or column
vectors {d2, d3,ds,ds}, which are antisymmetric, as the four
codewords for four users.

If the proposed code selection is used, the dominating MAI

]‘_Z[k] can be reduced to a negligible amount. Therefore, the
MAI terms of f # k in (23) become the main MAI impairment.
For convenience, with code selection, let us call it residual
MALI Next, we will investigate the residual MAIL. From (20)
and (22), we have (29), shown at the bottom of the page. Let
l=f—k.Forfixedk, -k <l < N-1—Fkandl # 0, (29) can
be rewritten as (30), shown at the bottom of the page. Letting
f(p,1) = e 3m/NM N Msin (n(p+IM + €;)/NM), we
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have (31), shown at the bottom of the page. Using (28) and
(31), we can rewrite (30), as shown in (32) at the bottom of the
page. Assume that )\,EN)[k] and x;[k] are uncorrelated for all
k, and z;[k] and z;[k'] are uncorrelated for & # k’. From the
Appendix, it can be shown that the expectation value for the

mean square of BJ‘_Z [k] is
Bi
E{‘B](Qi[k]‘ } |M|2(7 o2,
N-1|M-1 M—1-p 2
Z Z (=p:0)] Y wildwip+dl| 33
=1 = q—O

where 0%\ is the averaged channel gain, and o2
symbol power of user ¢ defined by

. is the averaged

2 M| > 2
0} = E{)\ [k]’ }and azi:E{|a:i[k]| } 0<k<N-1.
(34)
Example 1: Assume o3 = o2 = 1. Let us first consider

the CFO case of ¢, = 0.3. This CFO level may be regarded
as a serious one. Let M = 16 and N = 4. Fig. 2 shows

2
the total residual MAL i.e., 31, it B B, [k]‘

](—'Z
function of the user index, where the summation term accounts
for T = M/2 users in this system. As shown in Fig. 2, the
worst total residual MAI is about —18.5 dB, which is much
smaller than the transmit power of 0 dB. Since the residual MAI

},asa

N-1

M-1M-1

J‘/r((u v—(k—f)M)/NDM)

34
B 1~ 2 zn % wilulw} o], (29)
—i g m(u—v—(k—f)M+e; K J
! Mf:OJ;ék v=0 u=0 NM ( ( f) * )
. N-1-k M-IM-1  —jr((u—v+IM)/NM)
BW. [k~ D S Ak ek > Y wilulwi[o]. (30)
je—1i Z T(u—v+IM+€; Wi J
! M I=—k,l£0 =0 u=0 NMSlnﬁiMH B
<
_ M-1M-1
¢ = Iml/N Z Z flu— v,l)wi[u]w;f[v]
v=0 u=0
M-1 M—-1-p M-1-p
=i 3 {f(p, DY wilp+quwila+ f(=p,0) > wilgwip+ Q]}- @D
p=1 q=0 q=0
g NIk M- M-1-p
B~ 2 ST eI N AN [k 4 ik + 1] Z p0)] Y wilglwilp + gl (32)
1=—k,I0 p=1 q=0
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with M = 16 for symmetric and antisymmetric codewords.
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Fig.3. Example 1: (1/T) Z;‘.le zi:u# E{ [L]‘ } as a function of

CFO for different M.

BJ( (_)1[k] is relatively small, it will make channel estimation
and CFO estimation much more accurate. Let us consider

the averaged value of total residual MAI for all users, i.e.,

(/D) Sy Sy B4 B0
averaged value of total residual MAI as a function of CFO for
different M with symmetric codewords. The performance with
antisymmetric codewords is also similar to this figure. From
Fig. 3, we see that, as M increases, the averaged total residual
MAI decreases ThlS result means that the increase of M will
help reduce B! P [k] Note that since there are 7' = M /2 users
in this system, the increase of M will also increase the number

of users. It implies that the increase of users can help reduce
the residual MAI for a fixed CFO.

. Fig. 3 shows the

4345

Although the codeword selection given in the Proposition de-
creases the number of users from M to M /2, itreduces the dom-
inating MAI greatly and the system is approximately MAI-free
in the presence of CFOs. Thus, every user only has to tackle
his/her own CFO problem without worrying about the CFOs of
other users. This is very different from conventional multiaccess
OFDM systems, where sophisticated signal processing is used
to solve the multiuser CFO problem [2], [5], [11], [19]. Sig-
nificant reduction of the dominating MAI using symmetric or
antisymmetric codewords will only be verified by experimental
results in Section IV.

B. Analysis of Self-CFO Effect

In this subsection, we examine the impairment caused by self-
CFO. For user j, the self-CFO impairment means the symbol
distortion and the interference caused by his/her own CFO ;.
From (11) and (13), we have

sjlk] = Cj[k] + Dj[k] (35)

where C;[k] is the distorted symbol of z;[k] due to self-CFO
given by

C;lk]
M-—1
M;) O + kMwi o + kM|
a'M—l
=MJ;Aj[v+kM]yj [v+kM]w o+ kMw [v+kM] [by (3)]
a M-—1
A K| k13 -+ M o-+M) [y (1) and 8)

= a; A [Ha;[k] [y )] (36)
and D;[k] is the interference caused by z;[f],0 < f < N —1
M-1

D,[H] = MZ

Using the same procedure of deriving (16), (18), (19) and (20),
we have (38), shown at the bottom of the page.

Using the same procedure of deriving (22) and (24), the term
of f = k in (38), which is the interference caused by the kth
symbol itself, can be written as

v+ kM]w}[v + kM]. 37

D[] ~ U“”[k] [k]
M 1 M-1-p
S ) Y {wilp+gwilg—w;lgwip+q}
p=1 q=0
- ,
—0 (39)

where O’ = 0 because w;[m] = w;[m+kM],0 <m < M -1
and 0 < k < N — 1. Therefore, we have DJ(.O)[k] ~ 0.

M-1 M-—1

D,k %NZ SUDIEDY

v=0 u=0,uv+(k—f)M

o= ((u=v—(k—F)M)/NM)

wj[u]w}[v]. (38)

o mw(u—v—(k—f)M+e;)
N M sin i z
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Fig. 4. Example 2: E {‘D§21 [k]‘
16 for symmetric and antisymmetric codewords.

} as a function of user index j with M =

Next, consider the terms of f # & in (38), which is the ICI
caused by all other symbols except for the kth symbols. Using
the same procedure of deriving (29) to (32), we have (40), shown
at the bottom of the page. From the derivation in the Appendix,
(40) can be shown to be

W2l o 1Bil* o o
E{‘D]. [k]‘ }Nﬁ%%

N-1|M—1 M-1—p
D U@ )+ f(=p, D] Y wjlalw} [p+aH-M f(0,1)
=1 |p=1 q=0

(41)

Example 2: The environment setting is the same as that
stated in Example 1. First, let us consider the averaged ICI

2
‘D;l)[k]‘ } for each individual user, which is plotted as a

function of user index in Fig. 4. We see that the worst perfor-
mance is around —6 dB for the user with codeword dy, i.e., the
all-one code. Other codewords have performance smaller than
—17 dB. The reason for d; to yield significantly large ICI can
be given as follows.

For convenience, let us repeat the definition of f(p,l), i.e.,
f(p,l) = e 7™/NMINMsin (n(p+IM + ¢;)/NM) in
reference to (41). The denominator of f(p,!) is positive for all
possible [ and p, whereas its numerator can be approximated by
1 for all p when N is sufficiently large. Thus, f(p,!) is positive
approximately. A similar argument can be applied to f(—p, () as
well. For the all-one code, Zfl\isl_p ws [qlw[p+q] = (M —p)
is positive for all p. Together with the fact that both
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f(p,1) and f(—p,l) are positive approximately, we con-
clude that the all-one code results in a much larger value in

2
S5 )+ S D S T w sl + o
other codewords, whose Z q=0 PR %[p+ q] can be either
negative or positive.

Since the ICI using all other symmetric codewords are below
—27 dB (except dy), this result suggests the use of symmetric
codewords but excluding the all-one code to have a smaller ICI.
According to (36), the distorted symbol due to self-CFO has
the mean square expectation value given by F {|Cj [k]|?

—1.3 dB when |¢j| = 0.3 and 03 = o2, = 1. Except di,

Z;

than

wilglw

2
the amount £/ ‘DJO) [k] ‘ of other users is much smaller than

—1.3 dB. Moreover, when compared with the residual MAI that
is below —18 dB in Example 1, the —1.3 dB of the distorted
symbol is still relatively large as compared with the residual
MAL Since the residual MAI and ICI are both smaller than the
distorted symbol due to the self-CFO, we can estimate «; accu-
rately and compensate it in the receiver end without demanding
a feedback mechanism. We will discuss this in more detail in
the next section. The averaged ICI for all users as a function

2
of CFO for different M, i.e., (1/T) ZJT=1 E { ‘D;l)[k]‘ }, is

shown in Fig. 5. Since d; is excluded, there are M /2— 1 users in
the system with symmetric codewords. We see that symmetric
codewords with d; excluded have a smaller averaged ICI than
antisymmetric codewords. From the figure, we see results sim-
ilar to Fig. 3. That is, the increase of M helps reduce ICI for a
fixed CFO. Note that for target user j, the ICI due to self-CFO
€; only affects itself. Even if d; is included for symmetric code-
words, it does not result in significant performance degradation
for other users since the MAI caused by d; to all other users is
sufficiently small according to the discussion in Section III-A.

C. Overall CFO Estimation and Compensation

Here, let us consider the overall CFO effect. For convenience,
let us rewrite (13) as

&;[k] ~ a; A [k (k] + D;[k]

N——
self-CFO interference

T M-1
1
+ E MAL;;[k] + i E e[m + kM]wj}[m].
i=1,ij

(42)

m=0
- ~ ~" -

additive noise

MAI from:ther users
Following the discussion in Sections III-A and B, impair-
ments due to MAI and self-CFO interference are negligible
if only M/2 symmetric or antisymmetric codewords of the
M Hadamard-Walsh codes are used. The first term of (42)

Wi Bi NEh _jml/N \(N) .
D; [k ~ 7% o AV [k + ik + 1)
1=0—k,I#£0
M-1 M—1—p M—1
: { S U@+ f(=p.0)] D wildwilp+d+ F(0,0) Y wylglw] [q]} : (40)
p=1 q=0 q=0
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for different M, where the all-one code is excluded for the set of symmetric
codewords.

is much larger than all other terms (with the exception of the
all-one code whose self-CFO interference term is not too small
according to Example 2). Thus, we can estimate a; accurately
and compensate it before the detection stage (i.e., every symbol
multiplies oz]-_l before detection). The alternative is to esti-
mate self-CFO ¢; of each user accurately with algorithms for
single-user OFDM systems, as developed in [4], [18], and [22].
Once ¢; is estimated, we can multiply the /th received symbols
of user j by e/27(=1)/NM 5 remove the self-CFO effect
before passing them through the DFT matrix. The penalty is
that a separate DFT is needed for each user. Note that this
alternative can be used to estimate e; of the all-one code.

In this case, sophisticated MUD techniques and the feedback
mechanism are not needed at the receiver end. On the other
hand, if the MAI is not reduced, the CFO estimation for each
user could be difficult and MUD techniques are needed, which
imposes a heavy computational burden on the receiver. For ex-
ample, CFOs of other users will cause the MAI to any target user
in OFDMA systems and signal processing techniques are often
used to estimate the CFO of this target user [2], [5], [19]. Fur-
thermore, since OFDMA does not have a negligible MAI-free
property in the CFO environment, the feedback mechanism is
demanded after CFO estimation so that every user can compen-
sate his/her own CFO at the transmitter end [5].

IV. SIMULATION RESULTS

In this section, we perform computer simulation to cor-
roborate the theoretical results derived in previous sections.
Moreover, we will compare the performance of the proposed
system, the OFDMA systems and two MC-CDMA systems
under the CFO environment. We consider the performance
in the uplink direction so that every user has different CFO
and channel fading. We assume the channel and the CFO are
quasiinvariant in the sense that it remains unchanged within one
block duration. Simulations are conducted with the following
parameter setting throughout this section. M = 16, and the
binary phase-shift keying (BPSK) modulation is used. The
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Fig. 6. Example 3: MAI effect as a function of the CFO when the full M
Hadamard—Walsh codewords are used.

channel coefficients are independently identically distributed
(i.i.d.) complex Gaussian random variables with an unit vari-
ance. For every individual user, the Monte Carlo method is
used to run more than 500 000 symbols. We consider the worst
CFO situation. That is, the CFO value of each user is randomly
assigned to be either +¢ or —e¢.

Example 3—Suppression of Dominating MAI Term: Here,
we would like to show that B]( (_)Z[k] defined in (22) is the
dominating MAI term in (20), and it can be greatly reduced
using only M /2 symmetric or antisymmetric codewords of
the M Hadamard—Walsh codewords. Let channel be flat and
N = 4. Then, AJ(_Z[k] = 0 and MAIW_Z[k] = Br_z[k]
according to (14) and (17), where exact equalities are due
to flat channel. Using similar notation rule in (21), we de-
fine the MAI from the kth symbol of user ¢ to user j as

MAI J?ll[k] and the MAI from all the other symbols of user %
as MALLY [k], ie., MALLY [k] = MAL_;[k] — MAL'Y [K].

Let the number of users I' = M = 16, i.e., a fully loaded
system. The total MAI for user 7 from the kth symbol of
all other users, which is denoted by mﬁo), is calculated as
follows. For the kth symbol of a target user, we accumulate
the MAI contributed from the kth symbol of other 15 users.
The procedure is repeated, and then, the MAI power is aver-
aged for k from 0 to N — 1. That is, m@) is obtained by

2
averaging the value (1/N) fo;ol i 1 it MAIg?ll[k]‘ for
more than 500000 symbols. Similarly, the total MAI from

all the other symbols (f # k) of all the other users, which
is denoted by MAI(-1

(1/N) N ’21 iy MATD 1] ’ for more than 500 000
symbols.
The total MAT is plotted as a function of the normalized CFO

value in Fig. 6, where MAIJ(»O) and MAIE»I) of 16 users are shown
by 16 solid and 16 dashed curves, respectively. The solid bold

curve in Fig. 6, which is denoted by MAI(O), is the averaged
value of the 16 so})id curves. That is, MAI(0 is obtained via
(1/T) XT_, MAL”. Similarly, the dashed bold curve, which

, is obtained by averaging the value,
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is denoted by m(l),lis obtained by averaging the 16 dashled
curves. That is, MAI'" is obtained via (1/T) Zle MAI; ),
From this figure, we see that MAI'"” is around 10-11 dB
more than that of MAT". Hence, for each user, the MAI at
the kth symbol is mostly contributed from the kth symbols
of other users. Thus, it confirms the derived theoretical result
that B{",[k] in (22) is the dominating MAI in (20). In the
following, we call B;?_)Z[k] “dominating MAI” and BJ(»(I_),L» [%]
“residual MAI” for short.

Next, we demonstrate that the dominating MAI can be
greatly reduced using only M /2 symmetric codewords of the
M Hadamard—Walsh codes. Let the user number decreases
from7T =M = 16to T = M/2 = 8, and only the M/2 = 8
symmetric codewords are used. The performance is shown in
Fig. 7(a). Compared with Fig. 6, the residual MAI decreases
around 4 to 5 dB due to the number of users decreasing from
16 to 8. In contrast, the dominating MAI is greatly reduced by
12—47 dB. Note that, the simulation result of the residual MAI
is consistent with the theoretical result in Fig. 3. Moreover, we
see that using symmetric codewords, the dominating MAI is
even smaller than that of the residual MAI when the CFO is
less than 0.35.

The performance using M /2 antisymmetric codewords is
shown in Fig. 7(b). Compared with Fig. 7(a), we see that the
performance of the set of antisymmetric codewords is similar to
that of the set of symmetric codewords. The result confirms that
the dominating MAI can be greatly reduced using the proposed
code selection scheme.

Example 4—Comparison of CFO Effect on the Proposed
System, OFDMA and MC-CDMA: Here, we would like to
compare the CFO effect on the proposed system, the OFDMA
system, and two MC-CDMA systems over a flat channel.
Among the two MC-CDMA schemes, one is with subcarriers
uniformly allocated (called MC-CDMA/U for short) [13], [14],
whereas the other is with subcarriers successively allocated
(called MC-CDMA/S for short) [1]. Every user in these four
systems will transmit N symbols, and the DFT/IDFT size
is the same, i.e., NM. Since all four systems transmit [NV
symbols per block and add the CP of the same length v, their
actual data rates are the same. We consider both fully loadded
and half-loaded situations. In a fully loadded situation, the
Hadamard—Walsh code is used in the proposed and the two
MC-CDMA systems. For OFDMA, each user occupies N
subchannels which are maximally separated [21], i.e., user
u will be assigned subchannels indexed by (v — 1) + kM,
1<u< Mand0 < k < N — 1. In a half-loaded case, M/2
symmetric codewords of the Hadamard—Walsh code (code
selection scheme) are used in the proposed system and the two
MC-CDMA systems. For OFDMA, the uth user will be as-
signed subchannels indexed by 2(u — 1) + kM, 1 < u < M/2
and 0 < k < N — 1. The remaining N M /2 subchannels are
used as guard bands.

Let us first evaluate the MAI in the detection stage, i.e., MAI
after frequency equalization. In the absence of MAI and channel
noise, the received symbols for detection are still BPSK symbols
with either +1 or —1. For the proposed system and the OFDMA
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Fig. 7. Example 3: MAI effect as a function of the CFO (a) when only M/2
symmetric Hadamard—Walsh codewords are used and (b) when only A/2
antisymmetric Hadamard—Walsh codewords are used.

system, frequency equalization was discussed in Section II.
For the two MC-CDMA systems, the orthogonality restoring
combing (ORC) scheme is used to achieve equalization [14].
To distinguish from the MAI before equalization, we denote
the MALI after equalization by MAI}_;[k]. For instance, in the
proposed system, MAI;_,;[k] = MAL;_;[k]/ )\E-N) [k]. The av-

eraged total MAI after equalization is obtained via averagir%g the
value (1/T) Y 1_ 1 (1/N) S0y Xy iz MAL, [K]| for

i=1,i#j Je—i
500,0007 symbols. Fig. 8 shows the averaged total MAI after
equalization as a function of CFO for the four systems in fully
loaded and half-loaded situations. Note that the performance of
the proposed system and the MC-CDMA/S are the same for the
flat channel; therefore, the two curves overlapped. In the fully
loaded case, the MC-CDMA/U outperforms all other three
systems. When the number of users decreases from 16 to 8, the

MALI of the proposed system is greatly reduced by 15 to 16 dB,
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Fig. 8. Example 4: MAI comparison among the proposed system, the OFDMA
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Fig. 9. Example 4: Self-CFO impairment of the proposed system.

and consequently, the proposed system outperforms OFDMA
by 10 to 11 dB. Recall that in Example 1, the dominating MAI
of the proposed system is larger than the residual MAI by
around 10 to 11 dB in the fully loaded situation. Using code
selection, the dominating MAI is reduced to a amount that is
even smaller than the residual MAI. This explains why the
proposed system has similar performance with OFDMA in a
fully loaded situation, whereas it outperforms OFDMA by 10
to 11 dB in a half-loaded situation with code selection.

The self-CFO impairment of the proposed system with sym-
metric codewords is shown in Fig. 9. To compute the self-CFO
impairment after frequency equalization, we accumulate the
symbol distortion and the interference for the kth symbol
of a target user due to his/her own CFO. This procedure is
repeated, and then, the impairment power is averaged for k,
0 < k < N — 1. The self-CFO impairment of the eight users
in the proposed system are indicated by the eight solid curves
in Fig. 9. Since the self-CFO impairment of an individual user
is similar, these curves are overlapping. The bold-circled curve
in Fig. 9 is the averaged value of the eight solid curves. By
comparing this figure with Fig. 8, we see that the self-CFO
impairment is the main impairment in the proposed system.
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Fig. 10. Example 4: BER comparison among the proposed system, OFDMA,
and two MC-CDMA systems in a flat channel with a normalized CFO [¢;| =
0.1.

Since the MALI is relatively small, we can estimate o or €; ac-
curately and then compensate the self-CFO effect, as discussed
in Section III-C. It is worthwhile to point out that, although
not shown here, the self-CFO impairment of OFDMA is very
similar to that given in this figure.

Now, assume that each user has a normalized CFO of |¢;| =
0.1 and can accurately estimate the self-CFO in these four sys-
tems. We would like to find out the bit error rate (BER) when
there is no feedback. The BERs for the four systems are shown
in Fig. 10. For a fully loadded situation, the BER curves of
the proposed system and MC-CDMA/S are overlapping. More-
over, for a half-loaded situation, the BER curves of the proposed
system MC-CDMA/S and MC-CDMA/U are overlapping. We
see that the BER performance has a similar trend as that of the
MALI performance in Fig. 8.

Example 5—CFO Effect in a Multipath Environment: 1In this
example, we examine the CFO effect when the channel has the
multipath frequency-selective fading. The number of multipath
is assumed to be v = 4 and N = 64, whereas the other param-
eters remain the same as those given in Example 4. The MAI
performance of the four systems is shown in Fig. 11. In a fully
loadded situation with the CFO smaller than 0.05, OFDMA has
less MAI than the proposed system because OFDMA is com-
pletely MAI-free when frequency and time are well synchro-
nized. However, as CFO grows, the proposed system slightly
outperforms OFDMA system. In a half-loaded situation, the
proposed system outperforms OFDMA by around 10 dB due to
the use of the code selection. The low MAI value of the proposed
system with code selection is also beneficial to CFO estimation.

Let us see the comparison with MC-CDMA. The MAI perfor-
mance curves for the two MC-CDMA systems with ORC are not
good since ORC amplifies the MAI power in the subcarrier with
serious fading [14]. In a multipath environment, it is likely that
the frequency selective fading contains several zeros to cause
huge MALI in the two MC-CDMA systems. However, since a
large MAI value may only lead to the error of certain bits, MAI
may not be a good performance measure for this case. Instead,
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Fig. 11. Example 5: MAI comparison among the proposed system, the

OFDMA system, and two MC-CDMA systems in a multipath fading
environment.
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Fig. 12.  Example 5: BER comparison among the proposed system, OFDMA,
and two MC-CDMA systems with v = 4 and |¢;| = 0.1 in a half-loaded
situation.

the BER may provide a more valuable measure for fair compar-
ison. As MC-CDMA systems with MRC outperform those with
ORC in a multipath environment, we will use MRC for the two
MC-CDMA systems in the following discussion.

Fig. 12 shows the BER comparison among the four sys-
tems with |e;| = 0.1 in a half-loaded situation. We see
that MC-CDMA/S with the proposed code selection outper-
forms OFDMA. Note that if the code selection is not used in
MC-CDMAY/S, instead, e.g., the first M /2 codewords of the M
Hadamard—Walsh code are used, the performance as shown in
the star curve is much worse than that using code selection. This
result shows the advantage of using code selection in certain
conventional MC-CDMA system. Furthermore, although the
half-loaded MC-CDMA/U has the worst performance in a mul-
tipath environment, this scheme can achieve a better frequency
diversity order and can perform better when the number of users
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Fig. 13.  Example 6: BER performance as a function of SNR in the presence
of changing CFO within one OFDM block.

is small [13]. Finally, we observe that the proposed system with
code selection outperforms OFDMA and the two MC-CDMA
systems in a half-loaded situation with multipath fading.

Example 6—Fast Variant CFO Environment: In this ex-
ample, we consider a situation when CFO changes so rapidly
that its value varies even within one OFDM block. Let the
parameters remain the same as those in Example 5. We assume
that the system estimates CFO per 100 blocks. We simulate
three cases. The first case is that the CFO does not change
within 100 blocks. The second one is that the CFO changes
40.01 within 100 blocks, e.g., from 0.1 to 0.1 £ 0.01 or
from —0.1 to —0.1 £ 0.01 during 100 blocks. The step size is
+0.01/(100(NM + v)) per sample in the transmitted block
of size NM + v. The third one is that the CFO changes
+0.05 within 100 blocks. Due to the CFO variation, there is a
discrepancy between the actual CFO and the estimated CFO.
We want to evaluate the impairment due to this discrepancy.
It is worthwhile to point out the CFO changing rate in the
second and third cases are much larger than that in today’s
practical operating environment. Thus, they provide extreme
difficult cases to test the performance of the proposed system.
For instance, let the OFDM-block duration be 256 us, carrier
frequency be 4 GHz, and the mobile speed be equal to 100 km/h
[16], [19]. The normalized CFO can be calculated to be around
0.09 when N M = 1024. If the distance between mobile station
and base station is 0.02 km, the maximum normalized CFO
changing rate is around £0.003 per 100 ODFM blocks.

The circled curve of Fig. 13 shows the BER performance
for case 1. Since the CFO does not change within 100 blocks,
this curve is the same as the circled curve in Fig. 12. The cross
curve shows the BER performance for case 2, where the CFO
changes £10% within 100 blocks. We see that the results of
cases 1 and 2 are close. Finally, the dotted curve gives the BER
performance for case 3, where CFO changes +50% within 100
blocks. We observe only minor BER degradation in such a fast
CFO-changing environment.
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V. CONCLUSION

The CFO effect of an approximately MAI-free multiaccess
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we assume the crosscorrelation between x;[k] is zero, i.e.,
E {z;[k + l|zf[k + ']} = 0 forl # I', we can rewrite (43) as

OFDM transceiver was studied in this paper. We showed ana- 1)
lytically that the MAI due to CFO can be greatly reduced using E { B [k]‘ }
either the M /2 symmetric or the M /2 antisymmetric codewords 5 N—l-k 5
of the M Hadamard-Walsh codes in the system. As a result, - |ﬂl|2 Z E{ )\EN)[k + l]‘ }E {|$1 [k + l]|2}
it does not demand sophisticated MUD or signal processing in M I= k10
achieving multiuser communications, and CFO compensation M1 M—1-p 2
can be done at the receiver side. It was demonstrated by com- Z [f(p, 1) +f(=p,D)] Z wilglwilp + q]| . (44)
puter simulation that the proposed OFDM scheme has a much p=1 a=0
better performance than the OFDMA and the MC-CDMA sys-
tems in a CFO environment. Using the assumption in (34), we have
2 .12
(1) _ |8il 2 2
E{‘Br—z[k]‘ }_ WC’.)\,UI
APPENDIX )
PROOF (33) N—-1-k |M-1 M—-1-p
> D@D+ (=0 > wilawip+a]| . (45
Suppose that x;[k] and /\EN) [k] are uncorrelated. From [==k,!#0] p=1 q=0 |
(32), we have (43), shown at the bottom of the page. Since g0(1‘;,j)
5 152 N-1-k M-1 M—1—p
1 i N *
E{‘Bj.gi[k]‘ }:WE > A+ Gl +0 S YD)+ 1-p 0] S wilgwilp+d]
—k,l#£0 p=1 q=0
N—1—k M-1 M—1—p *
S A+ k1Y [0 + f(=p. 0] Y wildlwlp + ]
U'=—Fk 1/7&0 p=1 q=0
|ﬂ |2 N— N—1—k .
i Z 3 {Agm [k + 1] (Agm [k + z’]) } E{wilk + 0z [k + 1]}
l=—Fk,1#0 I'=—Fk,l'#0
M—1 M—1—p M—1 M—1—p *
: {Z[f(pJHf(—pJ)] > wilgwlp+ q]}-{z (o, 1)+ F(=p, )] Y wi[q]w;f[mq]} . (43)
p=1 q=0 p=1 q=0
-1 |M-=—1 M—-1-p 2
o2V +f=pD) D wilgwilp+d]
l=—k | p=1 q=0
- 2
- ™ I'—N)M+e; - w(=p+('=N)M +e¢; ¢ Jj
voNek | p=1 [ NM sin (- [) +e) N Msin = 1+(NM) tei) =0 !
2
w(p+l' M+e; o mw(—p+l' M+te; J
v Sl =t [N M sin ZeEEEe) N sin 2EEEEe) |
= e—imp/NM ed™p/NM ] Mi—l’ ] | >
- ey G wilglwilp +q
. w(p+l M+e; o mw(—p+l' M+te; J
i el R e
N-1 |M-1 M—1—p 2
= [F(p, )+ f(=p, 0] Y wilglwilp +q] 48)
I=N—k | p=1 q=0
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Now, we will show the following equality:

N—1-k N-1
Z o(l,i,5) = Z(plzg. (46)
I=—Fk,I£0 =1
Using the definition of f(p, 1), we have
N-1-k
> ellig)
=—k,l#0
1 |M-1 M-1-p 2
=2 | D D+ f(=p.D] D wilghwilp+d
l=—k| p=1 q=0
—1—kM-1 M—1—p 2
+ Z D U@+ f(=p,0) Y wilgw}lp+a]
=1 |p=1 q=0
(47)
Letting I’ = N + [, the first term on the right-hand side of (47)

can be manipulated as (48), shown at the bottom of the previous
page. From (47) and (48), we can reach (46). Using (46), we can
rewrite (45) as in (33). |
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