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Finite-Alphabet Precoding for Massive MU-MIMO
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Abstract— Massive multiuser multiple-input multiple-output
(MU-MIMO) systems are expected to be the core technology
in fifth-generation wireless systems because they significantly
improve spectral efficiency. However, the requirement for a large
number of radio frequency (RF) chains results in high hardware
costs and power consumption, which obstruct the commercial
deployment of massive MIMO systems. A potential solution is
to use low-resolution digital-to-analog converters (DAC)/analog-
to-digital converters for each antenna and RF chain. However,
using low-resolution DACs at the transmit side directly limits the
degree of freedom of output signals and thus poses a challenge
to the precoding design. In this paper, we develop efficient and
universal algorithms for a downlink massive MU-MIMO system
with finite-alphabet precodings. Our algorithms are developed
based on the alternating direction method of multipliers (ADMM)
framework. The original ADMM does not converge in a
nonlinear discrete optimization problem. The primary cause
of this problem is that the alternating (update) directions in
ADMM on one side are biased, and those on the other side
are unbiased. By making the two updates consistent in an
unbiased manner, we develop two algorithms called iterative
discrete estimation (IDE) and IDE2. IDE demonstrates excellent
performance and IDE2 possesses a significantly low computa-
tional complexity. Compared with state-of-the-art techniques, the
proposed precoding algorithms present significant advantages in
performance and computational complexity.
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I. INTRODUCTION

W ITH the expansion of the Internet of Things and
the increase in the data rate demand for mobile

devices, the requirement for wireless data rate continues
to surge. Massive multiuser multiple-input multiple-output
(MU-MIMO) systems are believed to be a key technology
for reaching and surpassing the high data rate demand. This
technology involves equipping a base station (BS) with a few
hundreds of antennas in a centralized [1], [2] or distributed [3]
manner to achieve a quasi-orthogonal channel vector between
users and a BS. This system demonstrates several advan-
tages, including improvement of network coverage and cell
throughput and enhancement of user energy efficiency.

Although the benefits of using massive MU-MIMO systems
in BS increase with the number of antennas, the require-
ment for a large number of radio frequency (RF) chains
results in high hardware costs and power consumption,
which obstruct the commercial deployment of massive
MIMO system. A potential solution is the use of low-
resolution digital-to-analog converters (DACs)/ analog-to-
digital converters (ADCs) for each antenna and RF
chain [4]–[7]. High-resolution ADC chains are the most
power-hungry component on the receiver side. Thus, the
hardware complexity and power consumption can be expo-
nentially reduced by decreasing the resolution (in bits) of
ADCs [4]. Although power expenditure is dominated by
power amplifiers (PAs) [5]–[7] on the transmit side, the
use of low-resolution DACs reduces variations in amplitude
and allows the PAs to operate closer to saturation, thus
increasing the efficiency of PAs. The problems caused by
low-resolution ADCs/DACs have stimulated many discus-
sions [8]–[34]. Several contributions have been proposed for
uplink systems with low-resolution ADCs, and related studies
have considered multifold assessments, such as time/frequency
synchronization [8], channel estimation [9]–[15], data detec-
tion [11], [12], [14]–[21], and related performance analyses
[22], [23], [15], [17], [24]–[28]. To date, only a small number
of contributions [29]–[34] consider problems in downlink
systems with low-resolution DACs, which piqued our interest.

In downlink massive MU-MIMO systems, BS transmits data
to multiple independent user equipment (UE) simultaneously.
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Maximal ratio transmission, zero-forcing (ZF), and Wiener
filter (WF) precoders are commonly used to mitigate inter-
user interference (IUI) caused by simultaneous transmission.
Using low-resolution DACs at the transmit side directly limits
the degree of freedom of output signals. A straightforward
approach is to quantize the values of these conventional
precoders directly. However, this approach results in a signif-
icant performance loss when heavily quantized DACs are
applied.

A. Relevant Prior Art

The use of 1-bit DACs at the transmitter not only ensures
constant-envelope (CE) signals in the input of power amplifiers
but also minimizes the energy consumption of a DAC itself.
Therefore, massive MU-MIMO systems with 1-bit DACs have
elicited much attention [29]–[34]. For example, a minimum
mean-square error (MMSE) criterion precoder for a 1-bit
MIMO downlink system with higher-order modulation signals
was proposed in [30]. This work breaks the myth that the
1-bit precoder is restricted to QPSK signaling. By using
biconvex relaxation, [31] proposed 1-bit precoding algorithms
for massive MU-MIMO systems that demonstrate better error-
rate performance than the ZF precoder directly followed
by quantization. Moreover, [31] considered VLSI architec-
tures that enable hundreds of antennas to serve tens of UE.
In contrast to [31] where the precoders are designed for 1-bit
massive MIMO systems based on the MMSE criterion to miti-
gate IUI, [32] changed the design criterion to the minimum
bit error-rate (BER). In [33], the proposed precoder design
considers the signal distortions caused by 1-bit quantization
at the transmitter and receiver. Aside from 1-bit DACs, [29]
investigated the problem of downlink precoding with low-
resolution DACs (e.g., 1–3 bits) at the BS by using Buss-
gang’s theorem. [34] extended the work of [29] from cases
with frequency-flat channels to those with frequency-selective
channels.

Another type of hardware-aware precoding is the use of CE
precoding (e.g., [35]–[40]), which reduces the peak-to-average
power ratio (PAPR) in the output signals1 and thus decreases
the linearity requirements at the BS. In CE precoding, the
transmitted signals are strictly limited by a fixed amplitude,
and their phases are optimized to minimize IUI. Phase rotation
can be implemented by installing an analog or digital phase
shifter (PS) in each antenna. The authors in [35]–[38] assumed
that infinite-resolution PSs can generate any required phase.
The design of infinite-resolution PSs leads to high hardware
complexity and power consumption. Low-resolution PSs are
therefore typically used in practice. When finite-resolution
PSs are employed, a straightforward approach that utilizes the
quantized values of each continuous PS in a finite set also leads
to a significant performance loss [39], [40]. Notably, the 1-bit
DAC precoding problem can be considered as a special case

1CE precoding has a perfectly constant envelope at the discrete-time domain
but does not result in continuous-time transmit signals with a perfectly
constant envelope. However, compared with precoding methods, which result
in large amplitude variations in the discrete-time domain, CE precoding
results in continuous-time transmit signals that have significantly improved
PAPR [36].

of CE precoding, in which the phase of the transmitted signal
is limited to only four different values.

The mentioned architectures, such as low-resolution DACs,
low-resolution PSs, or their hybrids [7] can be energy-
efficient. Given that these architectures result in finite alphabet
signals, we call them finite-alphabet precodings. Thus far,
existing finite-alphabet precodings are designed individually.
Thus far, existing finite-alphabet precodings are designed indi-
vidually. For example, most algorithms are designed specifi-
cally for the 1-bit DAC precoding problem, and extending
these algorithms from 1-bit DAC precoding to general
finite-alphabet precodings remains unjustified. In fact, all of
the precoding problems mentioned above are related to a
nonlinear least-squares (NLS) problem that attempts to mini-
mize IUI (formed by a minimum Euclidean norm) with a
finite-alphabet feasible set. The NLS problem is non-convex
and difficult to solve explicitly. A common approach to
address this optimization problem is to formulate it into a
nonlinear integer (discrete) optimization problem and solve it
using the branch-and-cut technique [41] (such as the sphere-
decoding method [29]). However, the worst-case complexity
of the sphere-decoding method increases significantly with the
problem dimensions. Therefore, this approach is un-suitable
for massive MIMOs with a large number of antennas. In [42],
the authors proposed an algorithm called trellis-based CE
precoder (TB-CEP) that searches the precoding by using a
trellis structure and only retains a few possible combinations
of the trellis states. However, TB-CEP does not provide a
good trade-off between complexity and performance (which
will be shown subsequently in our simulations). Meanwhile,
the alternating direction method of multipliers (ADMM) is a
common algorithm for nonlinear discrete optimization. The
individual steps in ADMM can be implemented exactly.
However, ADMM does not converge, and even when it
converges, it does not converge to a good suboptimal point.

B. Contribution

Unlike existing algorithms that are individually designed
for each specific architecture, we develop a universal algo-
rithm for a downlink massive MU-MIMO system with finite-
alphabet precodings that minimize IUI. Most importantly,
compared with existing algorithms, the proposed precoding
algorithms also present significant advantages in performance
and computational complexity. The key contributions of this
study are threefold.

• Our algorithms are developed based on the ADMM
framework. We reveal that the primary reason for
the failure of ADMM to generate a good solution
in nonlinear discrete optimization is as follows: the
alternating (update) directions in ADMM on one side
are biased and those on the other side are unbiased.
By making the two updates consistent in a unbiased
manner, we develop a universal framework for finite-
alphabet precodings called iterative discrete estima-
tion (IDE), which possesses better convergence properties
than other local optimization methods. The proposed
algorithms possess a unified structure, such that they can
be applied to various finite-alphabet problems.
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Fig. 1. Massive MU-MIMO downlink system with the BS utilizing (a) low-
resolution DACs, (b) low-resolution analog PSs, (c) hybrid.

• Although IDE generally achieves excellent error-rate
performance, it has a slightly higher complexity than
state-of-the-art methods because it requires matrix inver-
sion. Following the same framework as IDE but using
an approximation for matrix inversion, we propose a
low-complexity version of IDE called IDE2. The simu-
lations show that IDE2 provides good trade-offs between
complexity and error-rate performance and is thus highly
suitable for massive MU-MIMO systems.

• Most authors (e.g., [29], [31], [34]) only evaluated their
precoders under QPSK signaling. In fact, their precoders
do not need to perform well under a generally high
QAM signaling (e.g., 16-QAM and 64-QAM) because the
precoders only need to transform the desired signals into
four quadrants for QPSK signaling. In contrast to state-
of-the-art precoders, IDE and IDE2 are universal and can
work efficiently under any high-level QAM signaling.

The remainder of this paper is organized as follows.
Section II introduces the system model and problem formula-
tion. Section III presents ADMM and the reason for its failure
to work well in nonlinear discrete optimization problems. The
proposed algorithms are introduced, optimized, and simpli-
fied. Moreover, the complexity of the proposed algorithms is
compared with the complexity of state-of-the-art methods. The
simulations are presented in Sections IV. The conclusions are
provided in Section V.

C. Notations

For any matrix A, AH is the conjugate transpose of A and
tr(A) denotes the traces of A. diag(A) returns a diagonal
matrix with its diagonal elements containing the diagonal
elements of A. Ex{·} represents the expectation with respect
to random variable x. When a complex-valued random vari-
able x is the Gaussian distribution with mean μ and variance
σ2, we write x ∼ CN (μ, σ2).

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

As illustrated in Fig. 1, we consider the downlink transmis-
sion of a massive MU-MIMO system, in which a BS with

N antennas serves K single-antenna users simultaneously in
the same time frequency resource. For simplicity, we assume
that the ADCs at the UEs have infinite resolution. The input
output of the downlink frequency-flat fading channel can be
expressed as2

y = Hx + z, (1)

where y = [y1, . . . , yK ]T ∈ CK contains the received
signals of all users, x = [x1, . . . , xN ]T ∈ CN is the
transmitted signal from the BS, H = [Hk,n] ∈ CK×N denotes
the downlink channel with element Hk,n being the channel
response between transmitting antenna n and user k, and
z = [z1, . . . , zK ]T ∈ CK is the noise vector. We assume that
channel matrix H is perfectly known at the BS and zk’s are
i.i.d. circularly symmetric complex Gaussian with mean 0 and
variance σ2, that is, z ∼ CN (0, σ2I).

In the downlink transmission, the BS aims to transmit
constellation points sk ∈ O for k = 1, . . . , K to each of K
users, where O is the set of constellation points (e.g., QPSK,
16-QAM, and 64-QAM). To this end, symbol vector s =
[s1, . . . , sK ]T is mapped into N -dimensional vector x through
a precoder denoted by x = P(s,H). The notation P(s,H)
implies that the precoder not only depends on the transmit
constellation points s but also utilizes the realization of
channel matrix H. As an example, if the ZF precoder is used,
then we have

x = P(s,H) =
1
β
HH(HHH)−1s, (2)

where β is the precoding factor selected to ensure that a power
constraint is satisfied. In this study, we consider the average
power constraint as follows:

1
N

Es{‖x‖22} ≤ Ptx, (3)

where Ptx is the transmit power of each antenna.

If Es{ssH} = I, then we obtain β =
√

tr((HHH )−1)
NPtx

.
We define SNR = NPtx/σ2 as the signal-to-noise
ratio (SNR). This definition of SNR includes the array gain and
can be regarded as the received SNR perceived by each UE.

If the ZF precoder is used, then the received signal is Hx =
1
β s rather than s. The users should (be able to) rescale the
received signal by a factor β to obtain an estimate of the
transmit constellation points. Therefore, we define the metric
for IUI as

IUI = Es{‖s− βHx‖22}. (4)

Although the ZF precoder can achieve zero IUI, it presents
several challenges to the BS, such as requiring infinite-
resolution DACs and high-linearity power amplifiers. In this
study, we are interested in a practical setting where each
antenna is equipped with a low-cost constrained RF chain.
For example, the BS is equipped with low-resolution DACs

2For the frequency-selective fading channel, the input-output of the down-
link channel still can be expressed in a form similar to (1). Please
see [34, Eq. (10)] for details. As such, the proposed algorithms also can
be applied to the frequency-selective fading channel.
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(e.g., 1-bit DACs), low-resolution analog PSs, or hybrid archi-
tectures, as illustrated in Figs. 1(a), 1(b), and 1(c), respectively.
The former two architectures are straightforward, and the
hybrid architecture is highly general. To better understand the
hybrid architecture, we consider an example that the number
of DAC/RF chains is NRF, the resolution of DACs is one-bit,
and each PS employs four discrete-phase resolution 4-PSK.
In this case, the signal outputs of each complex ADC is one
of the following 4-QAM signals: {±1 ± j}. The output of
each DAC/RF chain i is then connected to N PSs and yields
the precoded signal xi, which is 16-QAM that results from
the superposition of 4-QAM and 4-PSK. Afterwards, signals
xi are combined by NRF-port power combiners to generate
the final transmitted signal x =

∑NRF

i=1 xi. This architecture
employs in total NRFN PS elements. Notice that x can be
represented by a finite set of values. Designing the finite-
alphabet set can relax the linearity requirement, thus allowing
the amplifiers to operate closer to saturation and increasing
their efficiency.

In these applications, each entry of transmit vector x is
restricted to a finite-alphabet X = {χ0, . . . , χM−1}, where
χm represents the possible quantization output. We refer to
M = |X | and B = log2 M as the number of quantization
levels (per dimension)3 and the number of quantization bits
(per dimension), respectively. We call the transmitted signal
x ∈ XN the finite-alphabet precoder.

B. Problem Formulation

If the precoder belongs to a finite-alphabet, that is, x ∈ XN ,
then obtaining zero IUI becomes difficult in general. The users
will experience additional distortion. Our goal is to design a
precoder that minimizes IUI under the power constraint (3).
Notably, we have rescaled the received signal by the factor β.
Therefore, given the transmitted symbol s, the mean squared
error of the estimated symbols at the receivers can be
written as [29]

‖s− βHx‖22 + β2Kσ2. (5)

Factor β serves as a trade-off between IUI and noise enhance-
ment. By using (5) as the objective function, the precoder
design can be formulated as follows:

min
x, β

‖s− βHx‖22 + β2Kσ2,

s.t. x ∈ XN , β > 0. (6)

If x ∈ XN , then the average power of x is always determined.
Therefore, the power constraint is removed.

The problem formulation in (6) is general and can be used
in several applications by setting support X to be of several
given forms. For example, if the BS is equipped with infinite-
resolution DACs, then we can set X = C and introduce the
average power constraint (3). In this case, the solution to (6)

3In low-resolution DAC case, we assume the same quantization alphabet for
the real and imaginary parts. Therefore, the nth entry of the transmit vector
x is xn = xR,n + jxI,n with xR,n, xI,n ∈ X .

is the WF precoder [43] expressed as follows:

x =
1

βWF
HH

(
HHH +

Kσ2

NPtx
I
)−1

︸ ︷︷ ︸
�WWF

s, (7)

where

βWF =

√
tr(WH

WFWWF)
NPtx

.

The 1-bit quantized precoder problem [29], [31] can be
obtained by setting X =

√
Ptx(±1 ± j). If X =

√
Ptx ej 2πk

M

with k = 0, . . . , M − 1, the precoder is called a CE
precoder [36], [38], [44]. In the CE precoder, a high-
efficiency power amplifier can be used because the antenna
elements have the same output amplitude. The problem of (6)
is also related to an integer programming problem, which
is NP-hard in general. Many techniques, such as sphere
decoding [29], NOMAD [45], and TB-CEP [42], have been
proposed to solve these problems. However, the computation
complexity of these techniques dramatically increases with the
increase in BS antennas N . Recent interest has shifted to the
design of numerically efficient precoding methods suitable for
massive MU-MIMO systems.

III. ALGORITHM

The simultaneously optimizing x and β make the
problem increasingly complicated. In the following discussion,
we consider the case with a fixed β and remove β2Kσ2 from
the objective function. Specifically, we denote H̃ = βH and
consider the following optimization problem

min
x
‖s− H̃x‖22,

s.t. x ∈ XN . (8)

We develop a numerically efficient algorithm for solving
problem (8). We begin by introducing a commonly used
ADMM framework for nonconvex problems to explain why
it fails to generate a good solution, and we describe in detail
our novel algorithms.

A. Why ADMM Fail

To use the ADMM framework, we rewrite problem (8) in
a consensus form as follows [46]:

min
x1,x

‖s− H̃x1‖22 + IX (x),

s.t. x1 − x = 0, (9)

where IX (·) is the indicator function of XN , that is,

IX (x) =

{
0, if x ∈ XN ,

∞, otherwise.
(10)

The augmented Lagrangian of (9) is expressed as

Lr (x1,x,u) = ‖s− H̃x1‖22 + IX (x)
+uH(x1 − x) + γ ‖x1 − x‖22 , (11)
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Fig. 2. IUI versus the number of iterations in the same simulation
environment for different algorithms.

where u is the dual vector, and γ > 0 is the penalty parameter
(or the augmented Lagrangian parameter). The ADMM for this
problem is expressed as

xt+1
1 = argmin

x1

Lr

(
x1,xt,ut

)
, (12a)

xt+1 = argmin
x

Lr

(
xt+1

1 ,x,ut
)
, (12b)

ut+1 = ut + γ
(
xt+1

1 − xt+1
)
. (12c)

In (12), the x1-update involves solving the IUI minimiza-
tion problem, the x-update involves projection onto a finite-
alphabet set XN , and the u-update can be interpreted as
a consensus adjustment step with step size γ. After some
algebraic manipulation, (12) can be expressed explicitly as

xt+1
1 =

(
H̃HH̃ + γI

)−1 (
H̃Hs + γxt − ut

)
, (13a)

xt+1 = ΠX

(
xt+1

1 +
1
2γ

ut

)
, (13b)

ut+1 = ut + γ
(
xt+1

1 − xt+1
)
, (13c)

where ΠX is projected onto {xn ∈ X , n = 1, . . . , N}.
The x1-minimization step (13a) is convex, but the

x-update (13b) is projected onto a nonconvex set XN .
Although the use of ADMM for nonconvex problems is
common, ADMM may not converge. Fig. 2 shows the
experimental result of IUI versus iteration for one trial,
in which N = 64, K = 16, Hn,k ∼ CN (0, 1), ∀n, k, and
X = 1√

128
{±1± j}, to better understand this problem. If we

do not specify the update mechanism of γ, then the default is
γ = 1 in subsequent experiments. We see that the IUI of
ADMM changes dramatically in each iteration and cannot
converge.4 By checking the program itself, we determine

4We find that the same ADMM algorithm works well for massive
MU-MIMO detection [47]. Notice that the detection problem is completely
different from the precoding problem at the x1-update stage. For the detection
problem, the x1-update solves the least-squares solution, in which no local
optimal point exists. Therefore, the variation in each iteration is minor because
the optimal solution x is already close to that found through the least-squares
solution, especially for a massive MIMO system. However, for the precoding
problem, the x1-update itself has an infinitely number of solutions. Therefore,
the variation in each iteration shall be too large for the iteration to converge.

that the main reason for this problem is projection ΠX . In
each iteration, projection ΠX generates xt+1 onto a discrete
point, which makes xt+1 clearly different from xt+1

1 , and
the variation is too large to make the iteration converge. To
solve the rapid change problem, we introduce damping factor
α ∈ [0, 1] after (13c) as follows:

xt+1
d = αxt

d + (1− α)xt+1, (14a)

ut+1
d = αut

d + (1− α)ut+1. (14b)

We simply refer to ADMM (13) in conjunction with (14) as
ADMM2. Notice that for ADMM2, xt in (13a) and ut in (13c)
should be replaced by xt

d and ut
d, respectively. In Fig. 2,

ADMM2 is more stable than ADMM, and its track behaves
as a stepped line because as the updates do not surpass a
threshold, xt+1 does not change in each iteration.

Although ADMM2 behaves like a smooth version of
ADMM, the IUI track of ADMM2 is not monotonically
decreasing and still cannot converge. By checking the program
itself again, we realize that the problem is in the u-update.
Recall that the u-update in ADMM is a consensus adjustment
step, which attemps to make x and x1 reach a consensus.
However, this update cannot perform like a consensus adjust-
ment as expected because the alternative update between
x1 and x is conflictive: the x-update always outputs a discrete
point in XN , whereas the x1-update never does. Trying to
force x1 and x to reach a consensus instead results in diver-
gence. Therefore, we remove dual vector u in each iteration
and obtain the following algorithm

xt+1
1 =

(
H̃HH̃ + γI

)−1 (
H̃Hs + γxt

d

)
, (15a)

xt+1 = ΠX
(
xt+1

1

)
, (15b)

xt+1
d = αxt

d + (1− α)xt+1. (15c)

We refer to the algorithm as ADMM3. In ADMM3, x1 and x
are updated in an alternating manner without a consensus
adjustment. Specifically, the x1-update involves solving a
linearly-constrained minimum Euclidean norm problem, i.e.,

argmin
x1

‖s− H̃x1‖22 + γ
∥∥x1 − xt

d

∥∥2

2
. (16)

Then, the x-update projects the resulting point onto a finite-
alphabet to obtain the subsequent iteration. This update
strategy is straightforward. However, Fig. 2 shows that
ADMM3 only updates one time and then falls into a local
optimum solution with poor IUI.

B. Proposed Methods

From the previous presented experiments, we realize that all
ADMM-based algorithms experience a similar problem: the
x1-update intends to minimize IUI, which is not necessarily
an alphabet point, whereas the x-update aims to project the
result onto an alphabet point. Their updates cannot easily reach
a consensus stage. To understand this problem, we rewrite the
x1-update in (15a) as follows:

xt+1
1 = xt

d + W
(
s− H̃xt

d

)
, (17)
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where

W =
(
H̃HH̃ + γI

)−1

H̃H . (18)

From the perspective of estimation theory [48], (17) can be
interpreted as the optimal linear MMSE estimate of x given
prior knowledge on

E{x} = xt
d and E

{
(x− xt

d)(x− xt
d)H

}
=

1
γ
I. (19)

Such a linear MMSE estimate is biased for each iteration [48]
(see Appendix A for this argument). However, the projection
step in the x-update always returns an alphabet point, which
is an unbiased estimate of x.

To make the two updates consistent, we change (17) into
an unbiased version by replacing W with Wu = DW, where
D is a diagonal matrix with its entries selected, such that the

diagonal elements of WuH̃ = D(H̃HH̃ + γI)
−1

H̃HH̃ are 1.
If the diagonal elements of WuH̃ are 1, then the bias in (17)
is approximately removed (see Appendix A for this argument).
To this end, we let D = [diag(WH̃)]−1. By substituting the
unbiased version of (17) into (15b), we obtain the following
algorithm

xt+1 = ΠX
(
xt

d + Wu

(
s− H̃xt

d

))
, (20a)

xt+1
d = αxt

d + (1− α)xt+1, (20b)

where

Wu = [diag(WH̃)]−1W. (21)

Notably, we consider the diagonal entries before performing
the matrix inversion in (21). Given that each iteration consists
of an estimation step and a discrete projection step, we refer
to the algorithm as IDE. Fig. 2 shows that the performance of
IDE is significantly better than that of ADMM3 and does not
have an instability problem similar to that of ADMM2.

The estimation in IDE is based on the problem in (16),
in which penalty parameter γ is used to regulate IUI mini-
mization and the previous estimate. Generally, small values
of γ tend to produce a small IUI but at the expense of a
low convergence rate. Therefore, we use different penalty
parameters γt for each iteration with the goal of making
performance less dependent on the choice of the penalty
parameter. Our setting of γt is based on a simple observation:
from linear estimation theory, γ in (18) should be set as
an inverse of covariance (19), such that the estimate (17)
can achieve MMSE. Given that the targeted x is unknown,
we estimate the error variance as follows:

(γt)−1 =
‖s− H̃xt‖22
tr(H̃HH̃)

. (22)

In (22), tr(H̃HH̃) serves as a normalization factor to remove
the channel effect; thus, (γt)−1 ≈ 1

N ‖x − xt‖2 corresponds
to the error variance (19). The algorithm of IDE with adaptive
γ is summarized in Algorithm 1. We always use IDE with
adaptive γ; therefore, we simply refer to Algorithm 1 as IDE.
Selection of damping factor α requires a trade-off between
stability and speed of convergence. In Algorithm 1 (as well

Algorithm 1 IDE

1 Inputs: s, H̃ = βH
2 Initial: t = 0, x0

d = 0, γ0
d = 1, α = 0.95

3 while t < T do

4 W =
(
H̃HH̃ + γtI

)−1

H̃H

5 D = [diag(WH̃)]−1

6 xt+1 = ΠX
(
xt

d + DW
(
s− H̃xt

d

))

7 γt+1 = tr(�HH
�H)

‖s−�Hxt+1‖2
2

8 xt+1
d = αxt

d + (1− α)xt+1

9 γt+1
d = αγt

d + (1 − α)γt+1

10 t← t + 1

11 Output x = xt+1

Algorithm 2 IDE2

1 Inputs: s, H̃ = βH
2 Initial: t = 0, x0

d = 0, α = 0.95
3 while t < T do
4 Wu = [diag(H̃HH̃)]−1H̃H

5 xt+1 = ΠX
(
xt

d + Wu(s− H̃xt
d)

)

6 xt+1
d = αxt

d + (1− α)xt+1

7 t← t + 1

8 Output x = xt+1

as Algorithm 2), we set α = 0.95 based on experience.
In addition, through exhaustive simulations, we find that the
IUI results of the converged solutions with different initial
points of x0

d are similar. Therefore, we simply set x0
d = 0 as

the initial point.
Fig. 2 shows that IDE with adaptive γ converges rapidly

and performs significantly better than the other algorithms.
Although the performance of IDE is good, its complexity could
be high for massive MIMO systems. The complexity of IDE
is dominated by the matrix inversion in line 4 of Algorithm 1,
which is expressed as O(NK2). Notably, matrix inversion has
to calculate each iteration because γt changes in each iteration.

We address the complexity issue by using an approximation
for the matrix inversion. In particular, if γ is large,5 then we
can obtain the following approximation

(H̃HH̃ + γI)−1 ≈ 1
γ
I, (23)

which results in W ≈ 1
γ H̃H . Consequently, we obtain

Wu ≈ [diag(H̃HH̃)]−1H̃H . (24)

By substituting Wu into (20), we obtain a low-complexity
version of IDE (summarized in Algorithm 2). We refer to
the algorithm as IDE2. As shown in Fig. 2, the performance
of IDE2 is only slightly degenerated because of the low
complexity.

5From (16), a large value of γ implies x1 ≈ xt; that is, x1 is close to its
previous iteration xt. Therefore, we observe from Fig. 2 that IDE with this
approximation exhibits fast convergence but high IUI.
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IDE2 appears nearly similar to classical gradient descent.
F (x) = ‖s − H̃x‖22 denotes the objective function of (8).
The negative gradient of F (x) is −∇F (x) = H̃H(s − H̃x).
In gradient descent, the update should be in the following form

xt+1 = ΠX
(
xt + γH̃H

(
s− H̃xt

))
, (25)

where step size γ should be sufficiently small, such that
F (xt+1) ≤ F (xt). The main difference between IDE2 and
gradient descent is the step size. The set size in IDE2 is in
vector form, i.e., [diag(H̃HH̃)]−1, which attempts to make
each update in an unbiased manner. Meanwhile, the set size in
gradient descent is a constant γ, which makes each update in a
biased manner. Following the similar principle above, we find
that IDE with fixed γ is similar to the classical Newton’s
method. However, in contrast to the relationship between
gradient descent and IDE2 obtained through straightforward
comparison, the relationship between Newton’s method and
IDE is more complex. We mainly show that adaptive γ
provides the best performance. Thus, a detailed discussion on
this relationship is beyond the scope of this paper.

C. Alternative Update Mechanism for β

In the previous discussion, we fix precoding factor β. For
any given xt+1, precoding factor β that minimizes (6) is
expressed as follows:

βt+1 =
Re

{
sHHxt+1

}
‖Hxt+1‖22 + Kσ2

. (26)

Appendix B shows the derivation. Then, we fix the estimate
βt+1 and use the proposed algorithms to derive xt+2. The
algorithm alternates between the updates of βt and xt+1.
Specifically, we plug (26) after line 6 of Algorithm 1 and
line 5 of Algorithm 2 with initial β0 = 1.

D. Complexity Analysis

We analyze the computational complexity of the proposed
algorithms and other prior state-of-the-art methods, such as
SQUID [29], C1PO [31], and TB-CEP [42], in terms of the
number of multiplication operations. We only consider the
real-valued model of (8), that is, H̃, s, and x are real-
valued matrices or vectors. Our analytical results can be easily
extended to the complex-valued model by using real-valued
representation of the complex-valued matrix and vector.6

We analyze the complexity of IDE (Algorithm 1).
In line 4 of Algorithm 1, given that H is fat (i.e., K < N ),
we apply the matrix inversion lemma [49]

(H̃HH̃ + γtI)−1 =
1
γt

(
I− H̃H

(
H̃H̃H + γtI

)−1

H̃
)

,

(27)

and only compute the matrix inversion of the small matrix
H̃H̃H + γtI. The computation of (H̃H̃H + γtI)−1 requires
NK2+ 1

3K3 multiplications, which involve the cost of forming
H̃H̃H and computing the Cholesky factorization. We cache

6A straightforward method is to replace the dimensions in the complexity
analysis from N and K to 2M and 2K , respectively.

(H̃H̃H + γtI)−1 for the subsequent steps in lines 4 and 5.
Applying (27), W in line 4 is implemented by

(H̃HH̃ + γtI)−1H̃H

=
1
γt

(
H̃H − H̃H

(
H̃H̃H + γtI

)−1

H̃H̃H

)
. (28)

Notice that we do not compute W in line 4 because it is the
side product of the computation of D in line 5. Specifically,
the computation of D is implemented as follows:

[
diag

(
WH̃

)]−1

=

[
1
γt
·
(

diag(H̃HH̃)

−diag
(
H̃H

(
H̃H̃H + γtI

)−1

H̃H̃HH̃
)) ]−1

, (29)

which involves the computation of the diagonal entries of
H̃HH̃ (required NK multiplications), the computation of the
matrix product of (H̃H̃H + γtI)−1 and H̃H̃H (required K3

multiplications), the computation of the diagonal entries of
H̃H(H̃H̃H + γtI)−1H̃H̃HH̃ (required N(K2 + K) multi-
plications), the computation of a scalar multiplication by
1/γt (required N multiplications), and the computation of the
inverse of the diagonal matrix (required N multiplications).
The total cost of this step is 2NK2 + 4

3K3 + 2NK + 2N .
Similarly, the x-update in line 6 requires 2NK + N multi-
plications. The cost of projection ΠX in the x-update is
negligible. Line 7 involves NK + K multiplications for
computing ‖s− H̃xt+1‖22. The cost of the damping updates
in lines 8 and 9 is negligible because multiplication by
constant damping factor α can be implemented using a
sequence of shifts and additions or subtractions. Therefore,
Algorithm 1 requires a total of 2NK2+ 4

3K3+5NK+3N+K

multiplications for t = 1. Given that H̃H̃H does not change
in each iteration, we can cache the result to perform the subse-
quent iterations efficiently. Accordingly, Algorithm 1 requires
a total of NK2 + 4

3K3 + 5NK + 3N + K multiplications for
each iteration when t ≥ 2. The total number of multiplications
for Algorithm 1 is T (NK2 + 4

3K3 + 5NK + 3N + K) +
NK2, where T denotes the number of iterations required
to reach a stopping criterion. We summarize the number of
multiplications of IDE in Table I.

Then, we analyze the complexity of IDE2 (Algorithm 2).
The analysis of IDE2 is nearly similar to that of IDE, except
for the fact that IDE2 does not require matrix inversion.
In line 4 of Algorithm 2, we only form the reciprocal values
of the diagonal entries of H̃HH̃ and cache this result for the
subsequent x-update, which only costs NK + N multiplica-
tions. Line 5 requires NK +N and 2NK+N multiplications
to compute Wus and WuH̃xt, respectively. Similarly, the
costs for projection ΠX and damping update are negligible.
Therefore, Algorithm 2 requires a total of 4NK + 3N multi-
plications for t = 1. For t ≥ 2, lines 4 and 5 only update
WuH̃xt

d because the other parts do not change. Accordingly,
Algorithm 2 requires a total of 2NK + N multiplications for
each iteration when t ≥ 2. The overall complexity required
by IDE2 is T (2NK + N) + 2NK + 2N when performing T
iterations.
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TABLE I

COMPUTATIONAL COMPLEXITY FOR DIFFERENT ALGORITHMS

TABLE II

THE TOTAL NUMBER OF MULTIPLICATIONS (MCLs) FOR DIFFERENT ALGORITHMS

Following the analysis framework mentioned previously,
we analyze the complexity of SQUID, C1PO, and TB-CEP and
summarize the corresponding results in Table I. Notice that in
the complexity analysis, we neglect the cost for calculating
precoding factor β because it is only updated every few
iterations. In contrast to the other schemes, TB-CEP does not
operate in an iterative manner. TB-CEP searches the precoding
by using a trellis structure similar to that used by the Viterbi
algorithm in decoding or channel equalization. In each step,
TB-CEP retains one path from ML possible combinations of
the trellis states. The number of trellis states ML serves as a
trade-off between complexity and performance.

We provide the total number of multiplications in Table II
given specific values for system configurations to thoroughly
understand the complexity of the mentioned schemes. We fix
the number of users to K = 16 and show the results for
two settings: i) N = 64 and ii) N = 128. The complexity
of SQUID, C1PO, and the proposed algorithms depends on
the number of iterations T . For SQUID and C1PO, we set
T = 100 and 24, respectively, following the suggestions
of their original proponents [29], [42]. For IDE and IDE2,
we set T = 100, although good convergence is observed after
approximately 50 iterations. Table II indicates that TB-CEP
always exhibits relatively higher complexity than the others
algorithms. C1PO exhibits the better computational efficiency
than the other algorithms for the large MIMO system. IDE
requires a slightly higher complexity than SQUID and C1PO
but generally achieves excellent error-rate performance (to be
shown subsequently in the simulations). In the simulations,

we show that IDE2 can achieve the better error-rate perfor-
mance than SQUID, C1PO, and TB-CEP. In addition, the
complexity of IDE2 increases linearly with the number of
UE size K . Consequently, IDE2 exhibits the best trade-offs
between complexity and error-rate performance among all the
compared algorithms.

IV. SIMULATION RESULTS AND DISCUSSION

We conduct simulations to evaluate the performance of
the proposed methods in terms of average IUI and BER.7

We consider a setting in which each antenna at the transmitter
is equipped with a low-resolution DAC or PS. The 1-bit
DAC is the extreme case of this setting. If no specification
is provided, then the message symbol s intended for each user
is QPSK, and precoding factor β is fixed to 1. We fix the
number of users to K = 16 and scale the total BS antenna
number N = R × K from 32 to 64 and 128 by selecting
R = 2, 4, 8. We refer to R as the system load factor. The
channel responses between the BS and each user follow a
circular Gaussian distribution CN (0, 1) in an i.i.d. manner.
Performances is evaluated via 30,000 channel realizations.
Following [30], we assume that factor β is perfectly known for
UEs because it can be estimated through pilot transmissions
or blind estimation techniques. For IDE and IDE2, we set
T = 100, although good convergence is observed after approx-
imately 50 iterations. Notably, the update of the precoding

7The source codes for the proposed precoding algorithms are available on
GitHub: https://github.com/Wangchangjen/Matlab_IDE.
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Fig. 3. BER with QPSK signaling as a function of the SNR for different 1-bit
DAC precoders with adaptive β. The number of users is fixed to K = 16, and
the total BS antenna number is scaled N = R×K from 32 to 64 and 128 by
selecting R = 2, 4, 8.

factor βt depends on xt as expressed in (26). We begin with
a fixed β and update β every 10 iterations of xt to ensure that
xt has converged to a good state.8

A. 1-Bit Precoding

In Fig. 3, we compare the BER and SNR of our proposed
algorithms and state-of-the-art methods, such as SDRr and
SQUID [29]. As reported in [29], the performance of SDRr is
close to that observed in exhaustive search. Given that exhaus-
tive search is impossible, we regard SDRr as a performance
benchmark in this experiment. However, the computational
complexity of SDRr is still high with the increase in the
number of BS antenna N . In [29] and [31], the authors
proposed low-complexity versions called SQUID and C1PO,
respectively. The performance of SQUID and C1PO is compa-
rable. Thus, we only consider SQUID in the comparison.
In this figure, we use the adaptive precoding factor β for all of
the algorithms (including SDRr and SQUID). For comparison,
we also report the performance of the WF precoder for the
infinite-resolution case.

We observe that the BER performance of IDE is comparable
to that of the benchmark SDRr. IDE has a low computational
complexity. The proposed algorithms (i.e., IDE and IDE2)
present significant advantages in terms of BER compared with
SQUID, particularly when R is small (e.g., R = 2, 4).
The performance of IDE2 is comparable to that of IDE,
and IDE2 has a significantly lower computational complexity
than IDE. When R = 8, the gap between the performance
of the proposed algorithms and that of SQUID becomes
negligible. However, this result does not imply that their

8This update setting is based on experience. Decreasing the iteration
numbers of xt for each update of β can facilitate escape for shallow local
minima. However, fluctuations may occur. We also examine the damped
update mechanism for β. This mechanism, however, degrades performance.

Fig. 4. IUI versus SNR for different 1-bit DAC precoders with adaptive β.

Fig. 5. BER with 16-QAM signaling as a function of the SNR for different
1-bit DAC precoders with adaptive β; K = 16, N = 128, and R = 8.

behaviors are similar. We also show the corresponding IUIs
for the three precoding algorithms in Fig. 4 to thoroughly
understand their differences. When R = 8, the proposed
algorithms provide a significantly lower IUI than SQUID. The
IUI of SQUID is saturated at -14 dB. The error floor for IUI
degenerates the BER performance when a high-modulation
symbol (e.g., 16-QAM) is used because such a high modu-
lation has to work in the high-SNR regime. In Fig. 5,
we compare the BER with the 16-QAM symbol and 1-bit
DACs of our proposed algorithms and other algorithms under
R = 8 to justify this argument. Notably, the gaps between the
performance of SQUID and our proposed algorithms increase
with the increase in SNR because the IUI of SQUID saturates
in the low-SNR regime (Fig. 4). In addition, the BERs of our
proposed algorithms are similar to SDRr.
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Fig. 6. BER with QPSK signaling for channel estimation error ε under 1-bit
DACs with SNR= 12 dB and (N, K,T, β) = (64, 16, 100, 1).

Another interesting observation from Fig. 4 is that the IUIs
of the three algorithms are similar when R = 2. However,
IDE and IDE2 offer significant advantages in terms of BER
compared with SQUID (Fig. 3). The reason is that as R = 2,
their precoding factors β are different and thus lead to different
BERs. The precoding factor serves as a trade-off between IUI
and noise enhancement. Therefore, this result indicates that
IDE and IDE2 provide better trade-off in this regard than
SQUID.

B. Robustness to Channel Estimation Errors

In this section, we present our investigation of the robust-
ness of our proposed algorithms to channel estimation error.
Following [29], we assume that the BS acquires a noisy
version of channel state information (CSI)

Ĥ =
√

1− εH +
√

εE, (30)

where ε ∈ [0, 1] is used to control the channel estimation
error, and E has CN (0, 1) entries. The value of ε = 0,
ε ∈ (0, 1), and ε = 1 correspond to cases with perfect CSI,
partial CSI, or no CSI, respectively. Fig. 6 shows the BER with
QPSK signaling as a function of the channel estimation error ε
for SNR= 12 dB and (N, K, T, β) = (64, 16, 100, 1). Under
imperfect CSI, the proposed IDE and IDE2 still outperform
SQUID and are comparable with SDRr. This result is similar
as that obtained under perfect CSI.

C. Low-Resolution PSs

We examine our algorithms under a more general setting
with finite-resolution PSs, that is, the possible values
of the transmitting antenna outputs are from a set of
M -PSK constellation points. In this setting, we compare the
proposed precoding algorithms with TB-CEP [42] rather than
SQUID because SQUID cannot work in cases with general

Fig. 7. BER with QPSK signaling as a function of the SNR for different
precoders with fixed β under different PSK outputs; K = 16, N = 64, and
R = 4.

Fig. 8. BER with QPSK signaling as a function of the SNR for different
precoders with the four-phase state of the PSs; K = 2, N = 8, and R = 4.

M -PSK outputs. As previously analyzed in Section III.D,
TB-CEP searches the precoding by using a trellis structure,
and the number of trellis states ML in TB-CEP serves as a
trade-off between complexity and performance. Following the
commonly used setting in [42], we take L = 3. In Fig. 7,
we compare the BER of our proposed algorithms with those
of TB-CEP [42] under different PSK outputs. Our proposed
algorithms outperform TB-CEP. TB-CEP can achieve the same
performance as our proposed algorithms when L increases to a
high level. However, the computational complexity of TB-CEP
is too high to be practical. In addition, Fig. 7 shows that IDE2
can be close to IDE as the number of resolution levels, M ,
increases.
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Fig. 9. BER as a function of the SNR for different DAC resolution precoders with adaptive β.

We consider a small MU-MIMO system with eight BS
antennas and two users, that is, N = 8 and K = 2, to deter-
mine the gaps between the optimal precoder (exhaustive
search) and the considered algorithms. The optimal precoding
can be obtained by exhaustive search or TB-CEP with L = 8.
Fig. 8 compares the BERs of IDE, IDE2, TB-CEP, and the
optimal precoder when the four-phase state of the PSs is
employed. We determine that the gap between the performance
of the optimal precoder and the performance of IDE (or IDE2)

is small, namely, approximately 2 dB for a target BER of 10−3.
When L = 7, TB-CEP presents a comparable performance to
that of the proposed algorithms. However, the computational
complexity of TB-CEP is too high to be practical when the
number of BS antennas is large. We summarize the average
running times9 (in seconds) of the algorithms in Table III.

9The simulations are performed with MATLAB v8.6.0 (R2015b) on a 64-bit
Windows 7 PC equipped with a 3.4-GHz Intel Core i7-3370 CPU and 4 GB
of memory.
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TABLE III

AVERAGE RUNNING TIMES IN SECONDS

IDE and IDE2 provide significant advantages in terms of
complexity compared with TB-CEP.

D. Low-Resolution Precoding

In the previous experiments, the algorithms are evaluated
by using either 1-bit DACs or PSs at the transmitters. Both
of them are CE precoding. Then, we shift our attention to
multi-bit precoding for low-resolution DACs, in which the
precoding has multiple amplitude levels. When low-resolution
DACs are employed, [29] suggests quantizing the values of
WF precoding to a finite set directly. In Fig. 9, we compare the
BERs of the quantized WF precoding with those of IDE and
IDE2 under different DAC resolution precoders, modulation
symbols, and load factors.

First, we focus on the case with 4-QAM signaling
(Figs. 9(a) and 9(b)). When R = 4, the 1-bit WF precoder
cannot achieve BER below 10−3 and has significant gaps
compared with IDE and IDE2. For 2-bit DACs, IDE and
IDE2 gain 2dB compared with the 2-bit WF precoder for
a target BER of 10−3. In the case with 3-bit DACs, all
algorithms perform similarly, but IDE and IDE2 exhibit the
better performance. In this case, all algorithms are close to
the limit performance of the infinite-resolution WF precoder.
Similar characteristics are observed when R = 8. Second,
we focus on cases with 16-QAM and 64-QAM signaling
(Figs. 9(c) to 9(f)). IDE and IDE2 have a significant perfor-
mance gain over the quantized WF precoder in all quanti-
zation levels. For 3-bit DACs, IDE and IDE2 are close to
the limit performance of infinite-resolution WF precoding,
whereas the 3-bit WF precoder is still far from the limit
performance. Moreover, the performance of IDE2 is compared
with the performance of IDE while exhibiting significantly
lower computational complexity.

The discussions in the previous subsections focus on the
1-bit precoder, low-resolution PSs, and multi-bit precoder.
In prior state-of-the-art methos, the precoding techniques
for different settings are completely different. Notably, our
algorithms are not only universal but can also perform well in
various finite-alphabet precoders with general QAM signaling.

E. Complexity and Convergence Rate

Fig. 10 compares the average running times versus N for all
of the concerned algorithms. We consider PSs with four-phase
state and T = 100. IDE2 exhibits the lowest timing complexity
among the algorithms, followed by SQUID and IDE.

Fig. 10. Average execution time versus the number of BS antennas for all of
the concerned precoders. We consider PSs with four-phase state and T = 100.

Fig. 11. IUI versus iteration under 1-bit DACs with fixed β for R = 4, 8
and SNR = 0 dB.

The timing complexity of SDRr and TB-CEP increases signif-
icantly with the number of BS antennas. After integrating all
of the previous experiments, we conclude that IDE2 exhibits
the best trade-off between performance and complexity among
all the algorithms.

Timing complexity heavily depends on the number of iter-
ations T . As previously mentioned, IDE and IDE2 perform
well after approximately 50 iterations. Fig. 11 shows the IUI
versus iteration under 1-bit DACs with fixed β for R = 4, 8
and SNR = 0dB to justify this argument. We observe that
IUI only decreases by approximately 1 dB as the iterations
increase from 50 to 100. The IUI at T = 50 is sufficient
to obtain good detection for 4-QAM or 16-QAM symbols.
In addition, x does not obtain a good IUI result after the first
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few iterations. Therefore, as mentioned at the beginning of this
section, we update β after every 10 iterations of xt.

V. CONCLUSION

We propose novel precoding algorithms called IDE and
IDE2 for a massive MU-MIMO system where each antenna
at the BS is equipped with coarse-resolution DACs or PSs.
The algorithms have a unified structure, such that they can
be applied to various finite-alphabet input problems that aim
to minimize IUI. Compared with state-of-the-art methods,
the proposed precoding algorithms show significant advan-
tages in terms of performance and computational complexity.
In particular, IDE demonstrates excellent performance and
is comparable with the benchmark in all test scenarios. The
performance of IDE2 is comparable with that of IDE, whereas
IDE2 is simple and exhibits low per-iteration complexity. From
the perspective of complexity-performance trade-off, IDE2 is
highly suitable for massive MU-MIMO systems. Future work
can include channel estimation error (e.g., the variance of the
error) into the optimization problem, and robust precoding
algorithms for channel estimation error can be designed.

APPENDIX A: APPROXIMATELY UNBIASED ESTIMATOR

This appendix aims to show that (20a) is an approximately
unbiased estimator of x. We begin by showing that (17) can
be interpreted as the optimal linear MMSE estimate of x
given prior knowledge on (19). To this end, we introduce the
following virtual channel model

s = Hx + z̃, (31)

where z̃k’s are i.i.d circularly-symmetric complex Gaussian
with mean 0 and variance 1, that is, z̃ ∼ CN (0, I). Suppose
that we wish to construct an estimator for x from s. We restrict
our estimator to be in the form

x̂ = Ws + b, (32)

where matrix W and vector b are to be determined to
minimize E{(x̂ − x)H(x̂ − x)}. Notably, the expectation is
taken over the joint density of s and x. The optimal W and b
are expressed as follows [48]:

W = CxsC−1
s , b = x̄−Ws̄, (33)

where x̄ = E{x}, s̄ = E{s}, Cxs is the cross-covariance
matrix between x and s, and Cs is the auto-covariance matrix
of s. Specifically, by substituting (31), we obtain

Cxs = E{(x− x̄)(s− s̄)H},
= E{(x− x̄)(x− x̄)HH̃H + (x− x̄)z̃H},
= CxH̃H , (34)

and

Cs = E{(s− s̄)(s− s̄)H},
= E

{(
H̃(x− x̄) + z̃

) (
H̃(x− x̄) + z̃

)H
}

,

= H̃CxH̃H + Cz̃. (35)

Using prior knowledge on x in (19) and Cz̃ = I, we obtain

W = CxsC−1
s = H̃H(H̃H̃H + γI)−1

= (H̃HH̃ + γI)−1H̃H , (36a)

b = xt
d −WH̃xt

d. (36b)

The optimal linear MMSE estimate is

x̂ = x̄ + W(s− s̄) = xt
d + W(s− H̃xt

d), (37)

which is completely identical to (17).
Taking the expected value on both sides of (37) produces

E{x̂} = E{xt
d −WH̃xt

d + Ws},
= (I−WH̃)xt

d + WH̃E{x} = E{x}. (38)

Clearly, x is a biased estimator of x as long as E{x} = xt
d.

xt
d is obtained from the previous iteration, which could not be

equal to xt
d before convergence. We can remove the bias of x̂

by setting γ = 0. In this case, (37) becomes

x̂ = (H̃HH̃)−1H̃Hs. (39)

Moreover, we obtain E{(H̃HH̃)−1H̃Hs} = E{x}. However,
this approach degenerates the iteration algorithm because it
causes the estimation step to completely ignore knowledge on
the previous iteration result xt

d.
From the discussion above, we realize that factor γ should

be preserved. However, as long as γ appears, the form
expressed in (38) always presents a biased estimate because
the main diagonal elements of WH̃ are smaller than 1.
To approximately remove the bias, we normalize the diagonal
elements of WH̃ as follows:

DWH̃ = [diag(WH̃)]−1WH̃. (40)

By doing so, we obtain x̂ = xt
d + DW(s− H̃xt

d) and

E{x̂} = (I− F)xt
d + FE{x}, (41)

where F = DWH̃. Given that the diagonal elements of F
are 1 and the off diagonal elements of F are smaller than 1,
we obtain (I−F)xt

d ≈ 0, FE{x} ≈ E{x}, and E{x̂} ≈ E{x}.
According to the central limit theorem, this approximation
becomes good when N becomes large. The new estimator is
an approximately unbiased estimator.

APPENDIX B: DERIVATIONS OF β

When x is given, the minimum problem (6) can be written
in the form:

min
β>0

‖s− βHx‖22 + β2Kσ2. (42)

We unfold the objective function as follows:

(s− βHx)H (s− βHx) + β2Kσ2

= sHs− 2βRe
{
sHHx

}
+ β2‖Hx‖22 + β2Kσ2. (43)

By equating the differential of (43) with respect to β to zero,
we obtain

−2Re
{
sHHx

}
+ 2β‖Hx‖22 + 2βKσ2 = 0. (44)

If ‖Hx‖22 + Kσ2 = 0, then we obtain β =
Re(sHHx)

‖Hx‖2
2+Kσ2 .

Authorized licensed use limited to: National Chiao Tung Univ.. Downloaded on April 25,2022 at 12:41:29 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: FINITE-ALPHABET PRECODING FOR MASSIVE MU-MIMO WITH LOW-RESOLUTION DACs 4719

REFERENCES

[1] T. L. Marzetta, “Noncooperative cellular wireless with unlimited
numbers of base station antennas,” IEEE Trans. Wireless Commun.,
vol. 9, no. 11, pp. 3590–3600, Nov. 2010.

[2] J. Hoydis, S. ten Brink, and M. Debbah, “Massive MIMO in the UL/DL
of cellular networks: How many antennas do we need?” IEEE J. Sel.
Areas Commun., vol. 31, no. 2, pp. 160–171, Feb. 2013.

[3] J. Zhang, C.-K. Wen, S. Jin, X. Gao, and K.-K. Wong, “On capacity
of large-scale MIMO multiple access channels with distributed sets
of correlated antennas,” IEEE J. Sel. Areas Commun., vol. 31, no. 2,
pp. 133–148, Feb. 2013.

[4] R. H. Walden, “Analog-to-digital converter survey and analysis,” IEEE
J. Sel. Areas Commun., vol. 17, no. 4, pp. 539–550, Apr. 1999.

[5] C. Toumazou, G. S. Moschytz, and B. Gilbert, Trade-Offs in Analog
Circuit Design: The Designer’s Companion. Norwell, MA, USA:
Kluwer, 2002, pp. 592–594.

[6] Y. Li, B. Bakkaloglu, and C. Chakrabarti, “A system level energy model
and energy-quality evaluation for integrated transceiver front-ends,”
IEEE Trans. Very Large Scale Integr. (VLSI) Syst., vol. 15, no. 1,
pp. 90–103, Jan. 2007.

[7] L. N. Ribeiro, S. Schwarz, M. Rupp, and A. L. F. de Almeida. (2017).
“Energy efficiency of mmWave massive MIMO precoding with low-
resolution DACs.” [Online]. Available: https://arxiv.org/abs/1709.05139

[8] A. Wadhwa and U. Madhow, “Blind phase/frequency synchroniza-
tion with low-precision ADC: A Bayesian approach,” in Proc. 51st
Annu. Allerton Conf. Commun., Control, Comput. (Allerton), Oct. 2013,
pp. 181–188.

[9] G. Zeitler, G. Kramer, and A. C. Singer, “Bayesian parameter estimation
using single-bit dithered quantization,” IEEE Trans. Signal Process.,
vol. 60, no. 6, pp. 2713–2726, Jun. 2012.

[10] J. Mo, P. Schniter, and R. W. Heath, Jr., “Channel estimation in
broadband millimeter wave MIMO systems with few-bit ADCs,” IEEE
Trans. Signal Process., to be published.

[11] C. K. Wen, C. J. Wang, S. Jin, K. K. Wong, and P. Ting, “Bayes-optimal
joint channel-and-data estimation for massive MIMO with low-precision
ADCs,” IEEE Trans. Signal Process., vol. 64, no. 10, pp. 2541–2556,
May 2016.

[12] J. Choi, J. Mo, and R. W. Heath, “Near maximum-likelihood detector
and channel estimator for uplink multiuser massive MIMO systems with
one-bit ADCs,” IEEE Trans. Commun., vol. 64, no. 5, pp. 2005–2018,
Mar. 2016.

[13] Y. Li, C. Tao, G. Seco-Granados, A. Mezghani, A. L. Swindlehurst,
and L. Liu, “Channel estimation and performance analysis of one-bit
massive MIMO systems,” IEEE Trans. Signal Process., vol. 65, no. 15,
pp. 4075–4089, Aug. 2017.

[14] S. Jacobsson, G. Durisi, M. Coldrey, U. Gustavsson, and C. Studer,
“Throughput analysis of massive MIMO uplink with low-resolution
ADCs,” IEEE Trans. Wireless Commun., vol. 16, no. 6, pp. 4038–4051,
Jun. 2017.

[15] N. Liang and W. Zhang, “Mixed-ADC massive MIMO,” IEEE J. Sel.
Areas Commun., vol. 34, no. 4, pp. 983–997, Sep. 2016.

[16] C. Risi, D. Persson, and E. G. Larsson. (2014). “Massive MIMO with
1-bit ADC.” [Online]. Available: https://arxiv.org/abs/1404.7736

[17] N. Liang and W. Zhang, “Mixed-ADC massive MIMO uplink in
frequency-selective channels,” IEEE Trans. Commun., vol. 64, no. 11,
pp. 4652–4666, Nov. 2016.

[18] A. Mezghani, M. S. Khoufi, and J. A. Nossek, “Maximum likelihood
detection for quantized MIMO systems,” in Proc. Int. ITG Workshop
Smart Antennas, Vienna, Austria, Feb. 2008, pp. 278–284.

[19] U. S. Kamilov, V. K. Goyal, and S. Rangan, “Message-passing de-
quantization with applications to compressed sensing,” IEEE Trans.
Signal Process., vol. 60, no. 12, pp. 6270–6281, Dec. 2012.

[20] Z. Wang, H. Yin, W. Zhang, and G. Wei, “Monobit digital receivers
for QPSK: Design, performance and impact of IQ imbalances,” IEEE
Trans. Commun., vol. 61, no. 8, pp. 3292–3303, Aug. 2013.

[21] S. Wang, Y. Li, and J. Wang, “Multiuser detection in massive spatial
modulation MIMO with low-resolution ADCs,” IEEE Trans. Wireless
Commun., vol. 14, no. 4, pp. 2156–2168, Apr. 2015.

[22] Y. Dong and L. Qiu, “Spectral efficiency of massive MIMO systems
with low-resolution ADCs and MMSE receiver,” IEEE Commun. Lett.,
vol. 21, no. 8, pp. 1771–1774, Aug. 2017.

[23] J. Zhang, L. Dai, S. Sun, and Z. Wang, “On the spectral efficiency of
massive MIMO systems with low-resolution ADCs,” IEEE Commun.
Lett., vol. 20, no. 5, pp. 842–845, Feb. 2016.

[24] C. Kong, C. Zhong, S. Jin, S. Yang, H. Lin, and Z. Zhang, “Full-duplex
massive MIMO relaying systems with low-resolution ADCs,” IEEE
Trans. Wireless Commun., vol. 16, no. 8, pp. 5033–5047, Aug. 2017.

[25] C. Kong, A. Mezghani, C. Zhong, A. L. Swindlehurst, and Z. Zhang.
(Mar. 2017). “Multipair massive MIMO relaying systems with one-bit
ADCs and DACs.” [Online]. Available: https://arxiv.org/abs/1703.08657

[26] L. Fan, S. Jin, C. K. Wen, and H. Zhang, “Uplink achievable rate
for massive MIMO systems with low-resolution ADC,” IEEE Commun.
Lett., vol. 19, no. 12, pp. 2186–2189, Oct. 2015.

[27] X. Zhang, M. Matthaiou, M. Coldrey, and E. Björnson, “Impact
of residual transmit RF impairments on training-based MIMO
systems,” IEEE Trans. Commun., vol. 63, no. 8, pp. 2899–2911,
Aug. 2015.

[28] J. Mo and R. W. Heath, Jr., “Capacity analysis of one-bit quantized
MIMO systems with transmitter channel state information,” IEEE Trans.
Signal Process., vol. 63, no. 20, pp. 5498–5512, Oct. 2015.

[29] S. Jacobsson, G. Durisi, M. Coldrey, T. Goldstein, and C. Studer,
“Quantized precoding for massive MU-MIMO,” IEEE Trans. Commun.,
vol. 65, no. 11, pp. 4670–4684, Nov. 2017.

[30] S. Jacobsson, G. Durisi, M. Coldrey, T. Goldstein, and C. Studer,
“Nonlinear 1-bit precoding for massive MU-MIMO with higher-
order modulation,” in Proc. Asilomar Conf. Signals, Syst., Comput.,
Pacific Grove, CA, USA, Nov. 2016, pp. 763–767.

[31] O. Castañeda, S. Jacobsson, G. Durisi, M. Coldrey, T. Goldstein, and
C. Studer. (2017). “1-bit massive MU-MIMO precoding in VLSI.”
[Online]. Available: http://arxiv.org/abs/1702.03449

[32] H. Jedda, J. A. Nossek, and A. Mezghani, “Minimum BER precoding
in 1-Bit massive MIMO systems,” in Proc. IEEE Sensor Array Multi-
channel Signal Process. Workshop (SAM), Jul. 2016, pp. 1–5.

[33] O. B. Usman, H. Jedda, A. Mezghani, and J. A. Nossek, “MMSE
precoder for massive MIMO using 1-bit quantization,” in Proc. IEEE
Int. Conf. Acoust., Speech, Signal Process. (ICASSP), Shanghai, China,
Mar. 2016, pp. 3381–3385.

[34] S. Jacobsson, G. Durisi, M. Coldrey, and C. Studer. (2017). “Massive
MU-MIMO-OFDM downlink with one-bit DACs and linear precoding.”
[Online]. Available: http://arxiv.org/abs/1704.04607

[35] S. K. Mohammed and E. G. Larsson, “Single-user beamforming in large-
scale MISO systems with per-antenna constant-envelope constraints:
The doughnut channel,” IEEE Trans. Wireless Commun., vol. 11, no. 11,
pp. 3992–4005, Nov. 2012.

[36] S. K. Mohammed and E. G. Larsson, “Per-antenna constant envelope
precoding for large multi-user MIMO systems,” IEEE Trans. Commun.,
vol. 61, no. 3, pp. 1059–1071, Mar. 2013.

[37] S. K. Mohammed and E. G. Larsson, “Constant-envelope multi-user
precoding for frequency-selective massive MIMO systems,” IEEE Wire-
less Commun. Lett., vol. 2, no. 5, pp. 547–550, Oct. 2013.

[38] J.-C. Chen, C.-K. Wen, and K.-K. Wong, “Improved constant envelope
multiuser precoding for massive MIMO systems,” IEEE Commun. Lett.,
vol. 18, no. 8, pp. 1311–1314, Aug. 2014.

[39] L. Liang, W. Xu, and X. Dong, “Low-complexity hybrid precoding
in massive multiuser MIMO systems,” IEEE Wireless Commun. Lett.,
vol. 3, no. 6, pp. 653–656, Dec. 2014.

[40] J.-C. Chen, “Hybrid beamforming with discrete phase shifters for
millimeter-wave massive MIMO systems,” IEEE Trans. Veh. Technol.,
vol. 66, no. 8, pp. 7604–7608, Aug. 2017.

[41] P. M. Pardalos and M. G. C. Resende, Handbook of Applied Optimiza-
tion. Oxford, U.K.: Oxford Univ. Press, 2000, pp. 65–67.

[42] M. Kazemi, H. Aghaeina, and T. M. Duman, “Discrete-phase constant
envelope precoding for massive MIMO systems,” IEEE Trans. Commun.,
vol. 65, no. 5, pp. 2011–2021, May 2017.

[43] M. Joham, W. Utschick, and J. A. Nossek, “Linear transmit processing in
MIMO communications systems,” IEEE Trans. Signal Process., vol. 53,
no. 8, pp. 2700–2712, Aug. 2005.

[44] A. Liu and V. K. N. Lau, “Two-stage constant-envelope precoding for
low-cost massive MIMO systems,” IEEE Trans. Signal Process., vol. 64,
no. 2, pp. 485–494, Jan. 2016.

[45] S. Le Digabel, “Algorithm 909: NOMAD: Nonlinear optimization with
the MADS algorithm,” ACM Trans. Math. Softw., vol. 37, no. 4, p. 44,
Feb. 2011.

[46] S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein, “Distributed
optimization and statistical learning via the alternating direction method
of multipliers,” Found. Trends Mach. Learn., vol. 3, no. 1, pp. 1–122,
Jan. 2011.

[47] S. Shahabuddin, M. Juntti, and C. Studer, “Admm-based infinity norm
detection for large MU-MIMO: Algorithm and vlsi architecture,” in
Proc. IEEE Int. Symp. Circuits Syst. (ISCAS), Baltimore, MD, USA,
May 2017, pp. 1–4.

[48] S. M. Kay, Fundamentals of Statistical Signal Processing: I. Estimation
Theory. Upper Saddle River, NJ, USA: Prentice-Hall, 1993, ch. 2.

[49] W. W. Hager, “Updating the inverse of a matrix,” SIAM Rev., vol. 31,
no. 2, pp. 221–239, Jun. 1989.

Authorized licensed use limited to: National Chiao Tung Univ.. Downloaded on April 25,2022 at 12:41:29 UTC from IEEE Xplore.  Restrictions apply. 



4720 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 17, NO. 7, JULY 2018

Chang-Jen Wang received the B.S. degree from
the Department of Electrical Engineering and the
M.S. degree from the Institute of Communications
Engineering, National Sun Yat-sen University, Kaoh-
siung, Taiwan, in 2013 and 2015, respectively. He is
currently pursuing the Ph.D. degree with the Insti-
tute of Electrical and Control Engineering, National
Chiao Tung University, Hsinchu, Taiwan. His current
research interests include signal processing and
wireless multimedia networks.

Chao-Kai Wen (S’00–M’04) received the Ph.D.
degree from the Institute of Communications Engi-
neering, National Tsing Hua University, Taiwan,
in 2004. He was with the Industrial Technology
Research Institute, Hsinchu, Taiwan, and also with
MediaTek Inc., Hsinchu, Taiwan, from 2004 to 2009,
where he was engaged in broadband digital trans-
ceiver design. In 2009, he joined the Institute of
Communications Engineering, National Sun Yat-sen
University, Kaohsiung, Taiwan, where he is currently
a Professor. His research interests center around the
optimization in wireless multimedia networks.

Shi Jin (S’06–M’07–SM’17) received the B.S.
degree in communications engineering from the
Guilin University of Electronic Technology, Guilin,
China, in 1996, the M.S. degree from the
Nanjing University of Posts and Telecommunica-
tions, Nanjing, China, in 2003, and the Ph.D.
degree in information and communications engi-
neering from Southeast University, Nanjing, in 2007.
From 2007 to 2009, he was a Research Fellow
with the Adastral Park Research Campus, University
College London, London, U.K. He is currently with

the faculty of the National Mobile Communications Research Laboratory,
Southeast University. His research interests include space time wireless
communications, random matrix theory, and information theory.

He serves as an Associate Editor for the IEEE TRANSACTIONS ON

WIRELESS COMMUNICATIONS, and IEEE COMMUNICATIONS LETTERS,
and IET Communications. He and his co-authors received the 2011 IEEE
Communications Society Stephen O. Rice Prize Paper Award in the field of
communication theory and he received the 2010 Young Author Best Paper
Award by the IEEE Signal Processing Society.

Shang-Ho (Lawrence) Tsai (SM’12) was born
in Kaohsiung, Taiwan. He received the Ph.D.
degree in electrical engineering from the Univer-
sity of Southern California, CA, USA, in 2005.
From 1999 to 2002, he was with Silicon Integrated
Systems Corp., where he participated in the VLSI
design for DMT-ADSL systems. From 2005 to 2007,
he was with MediaTek Inc., participating in the
VLSI design for MIMO-OFDM systems and stan-
dard specifications for the IEEE 802.11n. In 2007,
he joined the Department of Electrical Engineering,

National Chiao Tung University, where he is currently a Professor. He was
a Visiting Fellow with the Department of Electrical Engineering, Princeton
University, from June 2013 to December 2013. His research interests are in the
areas of signal processing for communications, statistical signal processing,
and signal processing for VLSI designs. He was awarded a government
scholarship for overseas study from the Ministry of Education, Taiwan, from
2002 to 2005.

Authorized licensed use limited to: National Chiao Tung Univ.. Downloaded on April 25,2022 at 12:41:29 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


