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Phase Retrieval With Learning Unfolded Expectation
Consistent Signal Recovery Algorithm

, Chao-Kai Wen
and Shi Jin

Chang-Jen Wang

Abstract—Phase retrieval algorithms are now an important com-
ponent of many modern computational imaging systems. A recently
proposed scheme called generalized expectation consistent signal
recovery (GEC-SR) shows better accuracy, speed, and robustness
than numerous existing methods. Decentralized GEC-SR (deGEC-
SR) addresses the scalability issue in high-resolution images. How-
ever, the convergence speed and stability of these algorithms heavily
rely on the settings of several handcrafted tuning factors with inef-
ficient turning process. In this work, we propose deGEC-SR-Net
by unfolding the iterative deGEC-SR algorithm into a learning
network architecture with trainable parameters. The parameters
of deGEC-SR-Net are determined by data-driven training. Numer-
ical results show that deGEC-SR-Net provides substantially faster
convergence than deGEC-SR and exhibits superior robustness to
noise and prior mis-specifications.

Index Terms—Phase retrieval, deep neural network, unfolding,
decentralized algorithm.

I. INTRODUCTION

HE reconstruction of a complex vector from its linear
T transform magnitude involves numerous imaging applica-
tions, such as ptychography [1], optical crystallography [2], [3],
and inverse scattering [4]. From these applications, the phase
retrieval (PR) problem arises. To solve this problem, numerous
algorithms are developed, such as Gerchberg-Saxton [5], Fienup
[6], PhaseLift [7], Wirtinger Flow (WF) [8], PhaseMax [9],
PhaseLamp [10], re-weighted WF [11], prGAMP [12], prSAMP
[13], prVAMP [14], and generalized expectation consistent sig-
nal recovery (GEC-SR) [15].
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More than 16 PR algorithms are compared in [14], [15].
Among the algorithms, GEC-SR, prVAMP, and prSAMP
demonstrate the best performance in various transformation
matrices and signal-to-noise ratios (SNRs). However, the speed
of prSAMP is extremely slow because it makes parallel updates
sequential. The accuracy of GEC-SR and prVAMP is compa-
rable to that of prSAMP, but GEC-SR and prVAMP run fast.
GEC-SR slightly outperforms prVAMP and is the best by far due
to effective updating. Decentralized GEC-SR (deGEC-SR) [15]
has been proposed recently to address scalability issues in high-
resolution images.

GEC-SR and deGEC-SR are iterative message-passing algo-
rithms. In certain cases, such algorithms have several unexpected
numerical issues and divergences. The damping method [16] is
used generally to improve robustness of these algorithms. A con-
servative damping mechanism with slow update rate can prevent
instabilities while slowing the algorithm to obtain a stationary
solution [12]-[14]. In [15], incrementally increasing the update
rate with the number of iterations is suggested to accelerate
convergence speed. The damping factor determines the speed
of the algorithm and controls instabilities. However, the tuning
process of the parameters is customized and demonstrates low
efficiency.

Considering these developments, we use algorithm unfolding
technique [17]-[20] to propose a trainable deGEC-SR algorithm
called deGEC-SR-Net. It is a learning neural network (NN)
whose architecture is based on an unfolded deGEC-SR algo-
rithm. All modules are computed as a solution to the data-free
Bayesian estimation problem, thereby leaving only the damping
factors for data-driven learning. This architecture considerably
simplifies/speeds up training because only a few parameters
must be optimized. The simulation results reveal that deGEC-
SR-Net can obtain the same accuracy as the original deGEC-SR
using fewer iterations. deGEC-SR-Net exhibits strong robust-
ness under varying input distributions or noise levels.

II. PROBLEM SETUP

The PR problem generally aims to recover the unknown signal
x € CN by observingy € R%/ through linear transform matrix
A € CM*N with noise interference w, as expressed by

y =QAx +w), (D)

where operator Q(-) takes the element-wise | - |. We consider
the case where signal x € CV is generated following a prior
distribution p(x), and noise w ~ N¢(w;0,021). We assume
that transform matrix A, prior distribution p(x), and noise level
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Fig. 1.
Net.

Block diagrams of (a) GEC-SR, (b) deGEC-SR, and (c) deGEC-SR-

o2, are known. Our goal is to develop an efficient algorithm for
recovering signal x from y.

III. ALGORITHMS VIA DEEP UNFOLDING

A. GEC-SR and deGEC-SR

To demonstrate learning unfolding, we briefly review GEC-
SR and deGCE-SR [15] in this subsection. Although GEC-
SR is derived on basis of a sophisticated expectation con-
sistent approximation [21], we present it in a modular-based
approach [22], [23] for ease of developing unfolding. We first
define a hidden vector z = Ax. As such, measurements y are
related to x following mapping procedure x — z — y. The
inference of x will then follow a reverse procedure, that is,
y — z — X, which is achieved through three modules, namely,
Modules A, B, and C (Fig. 1).

® Module A computes the unbiased estimates (i.e., mean and
variance) of z. This process is interpreted as de-nonlinear
because z is estimated through the de-nonlinear process
from nonlinear measurements y.

e Module B provides the unbiased estimates of (z, x) based
on the linear transformation of z = Ax. The inputs of
Module B are (z,x), wherein the priors of z and x are
from Modules A and C, respectively. The output of Module
B is either x or z, depending on its processing direction.
We use Modules B, and B, to indicate the outputs of
Module B being x and z, respectively. In Module B, (z, x)
are assumed to be Gaussian distributed to facilitate the
estimates, and their true prior distributions are not used.

e Given the estimated x from Module B, Module C further
computes the unbiased estimates of x on the basis of its
true prior distribution p(x). This process is interpreted as
de-noising.

Using the aforementioned procedure (feed-forward direc-

tion), we obtain the first inference of x. We then push
x back to y in a backward direction. The three modules

are executed iteratively in a circular manner A—B;—C
—B,—A—B,—C—B,— - - until convergence.

To address the scalability issue, [15] proposed to divide mea-
surements y into L independent clusters with small pieces of
M; = M/L. The measurements (1) in cluster [ can be written
as

i = QAx +wy), (2)

where y;, w; € CMt denote the Ith subset of y and w, re-
spectively, and transform matrix A € CM*¥ g split into L
sub-matrices A; € CMi*N_ The subset of measurements z is
denoted by z; = A;x. Given this data partition, deGEC-SR
performs local inference using the original GEC-SR for each
cluster separately, and combines the results to obtain a global
estimate.

A block diagram of deGEC-SR is illustrated in Fig. 1(b). We
use subscript ! to indicate the estimated parameters in the [-th
cluster. As the measurements y;’s go through Modules A and

[l] , We obtam the unbiased estimates x!l. After feeding the
estlmates x! forl =1, ..., Linto Module C, we add constraint
xl = x[ = ... = x[!] to establish the global estimates of x.
Similar to that in the original GEC-SR, the unbiased estimates

of x is sent to Modules Bg] and Al for each cluster, and the
procedure is repeated.

B. deGEC-SR-Net

We develop a learning network on the basis of deGEC-SR.
Each iteration of deGEC-SR comprises Modules A, BL”, C,

and BLI]. As shown in Fig. 1(c), the modules in one iteration
step are unfolded into a single network layer. We subsequently
form a deep network by mapping each iteration to a network
layer and stacking the layers together. This process is equivalent
to the execution of a deGEC-SR iteration multiple times. We
fix the total number of iterations 7" (i.e., T' layers) and use (¢)
to represent the estimated parameters in the ¢-th layer of the
network.

Each module can be considered a black box NN and trained
end-to-end using real datasets. However, we continue module
performance of unbiased estimation and introduce only two
trainable damping operations after Modules Al and C. This
strategy is based on the argument that the modules (or estima-
tors) are well-developed mathematically with few uncertainties.
Making the modules trainable prevents remarkable gains while
increasing training complexity. We leverage deep learning to
adjust the update to the right amount at each iteration because
inadequate and conservative updates result in divergence and
unnecessarily slows convergence, respectively.

Each module in deGEC-SR-Net (i.e., Modules A1, B!, ¢,

and Bg]) comprises the Bayesian posterior estimator, followed
by an extrinsic (or debias) operation. To describe these oper-
ations in a generic form, we let “a” and “b” be the random
variables of either x or z. Of note, a and b can refer to the same
random variable. Given the mean and variance (f4,,, v1a) Of the
previous module, the posterior mean and variance (fi1p, V1ip)
are computed by taking the expectations of b w.r.t.

f(bla) - Nc(a; pa, via)/ 2, 3
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where Z = [ f(bla)N¢(a; p1a, Via)da is the normalization.
In (3), f(b|a) is the likelihood function of b condition on a. For
ease of notation, we express the posterior estimates in pairs as

(H1p, Vin) = E{b[p1a, via; f(bla)}. )

For efficient message passing, each module passes only un-
biased estimates (or extrinsic messages) to the next module
rather than posterior estimates. We use subscripts (-); and (+)2
to specify input priors and extrinsic messages, respectively. If
the input priors are denoted by (-)1, then their corresponding
extrinsic messages are denoted by (-)2, and vice versa. The
extrinsic mean and variance of (4) are calculated by excluding
the prior mean and variance (ft1,, Via), which are given as

fia 11\
Hogq = V2a</\1al - 1a>7 Voa = <A - ) O
Via Via Via

Via
We simply denote the extrinsic operation as
(120, V2a) <= (P12, Via)\(K1as Via)- (©)
Using (4) and (6), Modules Al BE], C, and BL” perform the
following operations
0 [
{ ‘/‘L[l]za [1l1 A }7

~[l] =l
(A2 ¥12) =

Module A" (@] ¥

! l 1 1

(i vy < @l SNl v, (79
Module Bl : (ﬁgLVgi) :E{x[”‘ug]z,vgl, B},

(L vy < @8 I\ (il v, b
Module C : (ﬁlm7911):1€{ N[li,vlz,Vl fc},

(b, v < (i, i)\ (B2 V), o)
Module BY) : (g, 941) = E{2" |l vil: o }.

(v < @l SN v, e

where fx/p/c are the likelihood functions of the concerned
estimates given their inputs. To better understand how the op-
erations work, we take Module Al as an example. We remove
subscript (1 in the following description for ease of notation. In
Module A, the likelihood function of each element of y is given

as follows [12, (8)]:
2y v 0y
= Io( yL) ®)
a. O'w

w

fa = fyl2) =

where Iy(-) is the Oth-order modified Bessel function of the
first kind. By substituting f(b|a) := f(y|z) and (14, V1a) :=
(p1, V1) into (3), we can obtain the posterior mean and vari-
ance of z as the outputs of Module A, that is, (fi,,,V1.). The
estimates can be expressed explicitly [15, Table I]. Subsequently,
we obtain the extrinsic messages (ft5,,Va.) by substituting
(B1a; Via) = (P12, Viz) and (H1a, Via) := (K12, V12) into (5).
The same operations can be applied to the other modules. The

details of this process are provided in [15].
As the measurements y;’s go through Modules Al and
B, we obtain (u[lll/,,v[lli). After feeding (u[liwvgi) [ =
., L, into Module C, the module introduces constraint

IEEE SIGNAL PROCESSING LETTERS, VOL. 27, 2020

x = xl! = xI? = ... = x[%] and computes the global posterior
information (ft,,, V1, ) by considering the true prior of x. The

extrinsic information of x[! for each cluster is computed by

excluding the prior mean and variance (N[1 i, vﬂ) The extrinsic

information (,u[zlﬁ, vgl) is sent to Module BY!

As shown in Fig. 1(c), we introduce layer-dependent damping
factors (3. (t) and B, (t) to slow the update of Modules A" and
C, respectively, as follows:

(15 (8), vEL(t)) == Damp(ulL (), vEL (1): . (1)),

(ko (1), VEL (1)) == Damp(peb (£), v3L (8); B, (t)),
fort =1,...,T, where 3,(t), 8.(t) € [0, 1] and

AHa(t —1) + (1 — B(t))a(t)
BH)b(t —1) + (1= B())b(t) |

We denote the damping factors for Modules A and C by 3, =
[B2(1),...,B.(T)] and B, = [B=(1), ..., B.(T)], respectively.
The structure of deGEC-SR-Net is generic. Compared with
conventional generic NNs, deGEC-SR-Net contains fewer pa-
rameters because it encodes the estimation knowledge through
unfolding. Moreover, deGEC-SR-Net reduces to deGEC-SR if
the damping factors are handcrafted without training.

Training is performed on the basis of S samples using the data
structure as (y*®, A% x*%) for s = 1,2,...,S, where transform
matrix A® and signal x® are randomly generated for each sample,
and y® is obtained using (1). By feeding (y*®, A®) into the
network, deGEC-SR-Net generates fi],.(¢) at the ¢-th layer and
eventually outputs g7, (7') at the T-th layer as the reconstructed
signal. An optimizer is used to tune damping factors (3., 3,)
through back-propagation to minimize the mean square error
(MSE) loss function between the true signal x° and the estimates
1. (t) of every layer. The PR problem is disturbed by the global
phase rotation, that is, if x is the solution, then e7?x with any
rotation angle ¢ is also the solution. Therefore, the ambiguity of
each estimate must be removed by

(9a)
(9b)

Damp(a(t), b(t); 5(t)) =

s S

diS( aulx( ))_ej(bt‘u'lif( )
(A7, ()"

(10)

where ¢7 =
is defined as

x*). Consequently, the loss function

S T
L(B=:8s) ZZHX —dis (xELM)E. A

IV. NUMERICAL RESULTS

We compare deGEC-SR-Net and deGEC-SR in terms of
reconstruction accuracy and convergence speed.! We consider
the PR problem with a size of (M, N) = (4000, 1000). The
training and testing sets contain 100 and 1,000 samples, respec-
tively, where each sample (y*®, A°, x°) is generated as follows.
Transform matrix A° is randomly generated from i.i.d. complex
Gaussian distribution with zero mean and variance 1/N. The
elements of x* are generated by i.i.d. Gaussian-Bernoulli distri-
bution p(x) = (1 — p)d(x) + pNc (x;0, p~ 1) with sparsity rate
p = 0.5. We set the noise level o2 to satisfy the specification by
using the SNR defined by SNR = E{||Ax||?}/(Mo2). We set

'An implementation of the algorithm is available on GitHub

https://github.com/Wangchangjen/DeGEC-SR-Net.
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Fig.2. MSE versus the iteration for (a) GEC-SR and (b) deGEC-SR. The cor-

responding performance of prVAMP [14], which is by far the most comparable
algorithm to GEC-SR, is also shown. Detailed comparisons are available in [15].

TABLE 1
LEARNED DAMPING FACTORS FOR DIFFERENT DECENTRALIZATIONS

Bty 1 2 3 4 5 6 7 8 9 10
L=1 032 029 0.26 0.27 0.24 0.20 0.14 0.12 0.12 0.12
L=4 042 0.38 0.32 0.33 0.25 0.21 0.15 0.13 0.13 0.13
L =32 046 0.41 0.35 0.36 0.25 0.21 0.15 0.13 0.13 0.13

SNR = 20 dB during training. deGEC-SR-Net is implemented
using Tensorflow and trained using a PC with an NVIDIA
GeForce GTX 2080 Ti GPU. An Adam optimizer with a learning
rate of 0.05 and a batch size of 100 is used to identify the
damping factors for minimizing the loss function (11). The
training procedure is fast because only few samples are required
to train the damping factors.

A. Convergence Acceleration

We compare GEC-SR-Net with the original GEC-SR to
demonstrate the advantages of the learning parameters through
learning unfolding. We use (¢) to denote the damping factor
if B.(t) = B.(t). Five damping strategies, including constant
damping with 3(¢) = 0.1 or 0.9 V¢, exponentially decreasing
damping ((t) = 0.9, and learned damping with 3, = 3, or
B, # B,, are considered. Fig. 2(a) displays the corresponding
MSE performances as a function of the number of iterations.
GEC-SR shows instabilities under settings with fast updates
(i.e., B(t) =0.1). Among the customized tuning processes,
exponentially decreasing damping 3(t) = 0.9¢ demonstrates a
better trade-off between instabilities and speed than constant
damping with 5(t) = 0.9. Therefore, GEC-SR (or deGEC-SR)
with exponential damping is used as the benchmark in the
remaining experiments. GEC-SR-Net converges rapidly owing
to trainable damping factors and can obtain the same accuracy
as GEC-SR. Moreover, the performances of GEC-SR-Net with
B, = B, and B, # 3, are comparable. This finding indicates
that the number of training parameters can be reduced by half,
which speeds up the training of GEC-SR-Net. Therefore, we use
B, = B, in GEC-SR-Net in the following experiments.

The corresponding MSE performances of deGEC-SR and
deGEC-SR-Net for decentralized cases with L = {1, 4, 32}
are shown in Fig. 2(b). deGEC-SR-Net can obtain the same
accuracy as the original deGEC-SR using fewer iterations. The
learned damping factors are listed in Table I and they vary for
different layers and decentralizations. In general, the damping

deGEC-SR-Net  deGEC-SR, (1) = 0.9'

deGEC-SR-Net deGEC-SR, 5(t) = 0.9'
e ==
e —_—

——
——

SNR =20 dB

MSE (dB)
YL

0 5 10 15 20 o 5 10 15 20
Tteration Iteration

(2) (b)

Fig. 3.  MSE versus the iteration for deGEC-SR-Net when L = 32 under
(a) sparsity and (b) SNR mismatch. deGEC-SR-Net is trained under SNR =
20dB and p = 0.5.

(a) deGEC-SR

(b) deGEC-SR
(L=4,8(t) = 0.9,-9.22dB) (L = 4,A(t) = 0.9", —22.39 dB)

(c) deGEC-SR-Net
(L =4,-26.74dB)

Fig. 4. Reconstruction of a 32 x 32 image from i.i.d. standard Gaussian
measurements for SNR= 10 dB and 7" = 10.

factor for each setting decreases with iterations and reaches
a fixed constant after ¢ = 8. This result is consistent with the
finding that deGEC-SR-Net converges after ¢ = 8. In addition,
the damping factor increases with decentralization level L. This
result is reasonable because adequate damping is necessary to
prevent divergence of high decentralizations.

B. Robustness

In the previous experiments, deGEC-SR-Net is trained and
tested under the similar scenarios. In this subsection, we ex-
amine the robustness of deGEC-SR-Net by testing the previous
experiments under different sparsity rates and SNRs. Figs. 3(a)
and 3(b) illustrate the corresponding MSEs of deGEC-SR-Net
under mismatched sparsity and SNRs. The damping factors are
not trained using the same statistical data, which result in the
slower convergence speed of deGEC-SR-Net at SNR = 25 dB
than at SNR = 20 dB. Nevertheless, the convergence speed of
deGEC-SR-Net s higher than that of deGEC-SR. Subsequently,
we test deGEC-SR-Net by using the signals obtained from a
practical image instead of from the Gaussian-Bernoulli distri-
bution. The reconstruction results of the evaluated algorithms
under 10 iterations are shown in Fig. 4 The result indicates that
deGEC-SR-Net performs best.

V. CONCLUSION

We develop a learning NN called deGEC-SR-Net to ad-
dress the PR problem by unfolding the deGEC-SR algorithm.
deGEC-SR-Net demonstrates excellent performance in terms of
accuracy and speed and is robust to input distribution or noise
level mismatch.
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